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Scalar fields can give rise to confined structures, such as boson stars or Q-balls. These objects are
interesting hypothetical new “dark matter stars,” but also good descriptions of dark matter haloes
when the fields are ultralight. Here, we study the dynamical response of such confined bosonic
structures when excited by external matter (stars, planets or black holes) in their vicinities. Such
perturbers can either be plunging through the bosonic configuration or undergoing periodic motion
around its center. Our setup can also efficiently describe the interaction between a moving, massive
black hole and the surrounding environment. It also depicts dark matter depletion as a reaction to
an inspiralling binary within the halo. We calculate total energy loss, and linear and angular mo-
menta radiated during these processes, and perform the first self-consistent calculation of dynamical
friction acting on moving bodies in these backgrounds. We show that the gravitational collapse to a
supermassive black hole at the center of a Newtonian boson star (NBS) is accompanied by a small
change in the surrounding core. The NBS eventually gets accreted, but only on times larger than
a Hubble scale for astrophysical parameters. Stellar or supermassive binaries are able to “stir” the
NBS and lead to scalar radiation. For binaries in the LIGO or LISA band, close to coalescence, scalar
emission affects the waveform at leading −6 PN order with respect to the dominant quadrupolar
term; the coefficient is too small to allow detection by next-generation interferometers. Our results
provide a complete picture of the interaction between black holes or stars and the ultralight dark
matter environment they live in.
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I. INTRODUCTION
The existence, stability and dynamical behavior of “ob-
jects” in a given theory is relevant for a wide range of
topics, from planetary science to a description of funda-
mental particles. Taking as starting point a theory of a
scalar field in flat space, it can be shown that localized
time-independent solutions cannot exist [1]. This power-
ful result limits the ability of fundamental scalars to de-
scribe possible novel objects where the scalar is confined.
A promising way to circumvent such no-go result is to
consider time-dependent fields. Within this more general
framework, it can be shown that black holes (BHs) can
stimulate the growth of structures in their vicinities [2, 3],
and that new self-gravitating solutions are possible. Such
objects can describe dark stars which have so far gone un-
detected [4–7]. Surprisingly, the simplest such solutions
also seem to be a good description of structures we know
to exist: dark matter (DM) cores in haloes. These are
often referred to as fuzzy DM models, and require ultra-
light bosonic fields (we refer the reader to Refs. [8–13],
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2but the literature on the subject is very large and grow-
ing).
In this work, we consider two different theories of scalar
fields, yielding localized objects with a static energy-
density profile, but with a time-periodic scalar. The
first theory describes a self-gravitating massive scalar,
and the resulting objects are known as boson stars [14–
16]. Newtonian boson stars (NBS) made of very light
fields (in particular, bosons with a mass ∼ 10−22 eV) are
good descriptions of most cores of DM haloes; thus, this
is an especially exciting simple theory to consider. The
second theory describes a nonlinearly-interacting scalar
in flat space, yielding solutions known as Q-balls: non-
topological solitons which arise in a large family of field
theories admitting a conserved charge Q, associated with
some continuous internal symmetry [17]. Q-balls are not
particularly well motivated as a DM candidate, but serve
as an additional example of a scalar configuration to
which our formalism can be directly applied.
Stirring-up DM. The study of the dynamics of such
objects is interesting for a number of reasons. As DM
candidates, it is important to understand the stability
of such configurations, and the way they interact with
surrounding bodies (stars, BHs, etc) [18, 19]. For exam-
ple, the mere presence of a star or planet will change the
local DM density. In which way? The motion of a com-
pact binary can, in principle, stir the surrounding DM
to such an extent that a substantial emission of scalars
takes place. How much, and how is it dependent on the
binary parameters? When a star crosses one of these ex-
tended bosonic configurations, it may change its proper-
ties to the extent that the configuration simply collapses
or disperses; in the eventuality that it settles down to
a new configuration, it is important to understand the
timescales involved. Such processes are specially inter-
esting in the context of the growth of DM haloes and
supermassive BHs. Baryonic matter, in fact, tends to
slowly accumulate near the center of a DM structure,
where it may eventually collapse to a massive BH. Grav-
itational collapse can impart a recoil velocity vrecoil to the
BH of the order of 300 km/s [20], leaving the BH in an
damped oscillatory motion through the DM halo, with
respect to its center, with a crossing timescale
τcross =
√
3pi
Gρ
∼ 1.4× 106 yr
√
103M pc−3
ρ
, (1)
and an amplitude
A ∼ 69 pc
√
103Mpc−3
ρ
vrecoil
300 km/s
. (2)
The damping is due to dynamical friction caused by stars
and DM; our results suggest that the DM effects may be
comparable to the one of stars in galactic cores. Finally,
massive objects traveling through scalar media can de-
posit energy and momentum in the surrounding scalar
field due to gravitational interaction [9, 21, 22]. Thus, it
FIG. 1. An equatorial slice of our setup, where a binary of
two BHs or stars is orbiting inside an NBS, and a single BH is
plunging through it. Our formalism is able to accommodate
both scenarios, and others. The NBS scalar field is pictured
in gray dots, and forms a large spherical configuration. The
motion of the binary or of the plunging BH or star stirs the
scalar profile, excites the NBS modes and may eject some
scalar field. All these quantities are computed in the main
body of this work.
is important to quantify the gravitational drag that bod-
ies are subjected to when immersed in scalar structures,
and to confirm existing estimates [9].
All of this applies also in the context where scalar
structures are viewed as compact, and potentially strong,
gravitational-wave (GW) sources, when they could mimic
BHs, or simply be new sources on their own right [5, 23].
Additionally, we expect some of these findings to be also
valid in theories with a massive vector or tensor.
Gravitational-wave astronomy and DM. Under-
standing the behavior of DM when moving perturbers
drift by, or when a binary inspirals within a DM medium
is crucial for attempts at detecting DM via GWs. In the
presence of a nontrivial environment accretion, gravita-
tional drag and the self-gravity of the medium all con-
tribute to a small, but potentially observable, change of
the GW phase [18, 24–29]. Understanding the backreac-
tion on the environment seems to be one crucial ingredi-
ent in this endeavour, at least for equal-mass mergers and
when the Compton wavelength of DM is very small [29].
Screening mechanisms. Our results and methods can
be of direct interest also for theories with screening mech-
anisms, where new degrees of freedom – usually scalars –
are screened, via nonlinearities, on some scales [30]. Such
mechanisms do give rise to nontrivial profiles for the new
degrees of freedom, for which many of the tools we use
here should apply (see also Ref. [31]).
Here, we wish to provide the answers to these ques-
tions. This work studies the response of localized scalar
configurations to bodies moving in their vicinities. The
setup is depicted in Fig. 1. The moving external bodies
are modelled as point-like. Such approximation is a stan-
3dard and successful tool in BH perturbation theory [32–
34], in seismology [35] or in calculations of gravitational
drag by fluids [36, 37]. In this approximation one loses
small-scale information. For light fields – those we focus
on – the Compton wavelength of the field is much larger
than the size of stars, planets or BHs. In other words,
we do not expect to lose important details of the physics
at play. The extrapolation of our results to moving BHs
or BH binaries should yield sensible answers.
A summary of our findings is reported in a recent Let-
ter [38]. For readers wishing to skip the technical details,
our main results are described there, and also discussed
in Sections III D-III I for NBSs, which are being advo-
cated as good descriptions of the solitonic cores of galax-
ies and in Sections IV D-IV E for Q-balls (no gravity).
We will use units where the speed of light, Newton’s con-
stant and reduced Planck’s constant are all set to unity,
c = G = ~ = 1.
II. FRAMEWORK
A. The theory
We consider a general U(1)-invariant, self-interacting,
complex scalar field Φ(xµ) minimally coupled to gravity
described by the action
S ≡
∫
d4x
√−g
(
R
16pi
− 1
2
gµν∂µΦ∂νΦ
∗ − U
)
, (3)
where R is the Ricci scalar of the spacetime metric gµν ,
g ≡ det(gµν) is the metric determinant, and U(|Φ|2) is
a real-valued, U(1)-invariant, self-interaction potential.
For a weak scalar field |Φ|  1, the self-interaction po-
tential is U ∼ µ2|Φ|2/2 + O(|Φ|4), where µ is the scalar
field mass. Our methods are applicable, in principle, to
any nonlinear potential.
By virtue of Noether’s theorem, this theory admits the
conserved current
jµ = − i
2
(Φ∗∂µΦ− Φ∂µΦ∗) , (4)
and the associated conserved charge
Q = −
∫
d3x
√
h jt , (5)
where the last integration is performed over a space-
like hypersurface of constant time coordinate t, with
h ≡ det(gµν) the determinant of the induced metric
hµν = gµν − δ0µδ0ν . We shall interpret this charge as the
number of bosonic particles in the system.
The scalar field stress-energy tensor is
TSµν = ∂(µΦ
∗∂ν)Φ− 1
2
gµν
[
∂αΦ
∗∂αΦ + 2U(|Φ|2)] , (6)
and its energy within some spatial region at an instant t
is given by
E =
∫
d3x
√
hTStt . (7)
B. The objects
We are interested in spherically symmetric, time-
periodic, localized solutions of the field equations. These
will be describing, for example, new DM stars or the core
of DM halos. We take the following ansatz for the scalar
in such a configuration,
Φ0 = Ψ0(r)e
−iΩt , (8)
where Ψ0 is a real-function satisfying ∂rΨ0(0) = 0 and
limr→∞Ψ0 = 0.
Our primary target are self-gravitating solutions.
When gravity is included, a simple minimally coupled
massive field is able to self-gravitate. Thus, we consider
minimal boson stars – self-gravitating configurations of
scalar field in curved spacetime with a simple mass term
potential
UNBS = µ
2
2
|Φ|2 . (9)
In this work, for simplicity, we restrict to the Newtonian
limit of these objects, where gravity is not very strong.
So, we study NBSs.
However, many of the technical issues of dealing with
NBS are present as well in a simple theory in Minkowski
background. Thus, we will also consider Q-balls [17] – ob-
jects made of a nonlinearly-interacting scalar field in flat
space. For these objects, we use the Minkowski spacetime
metric ηµν and restrict to the class of nonlinear potentials
UQ = µ
2
2
|Φ|2
(
1− |Φ|
2
Φ2c
)2
, (10)
where Φc is a real free parameter of the theory.
We are ultimately interested not in the objects per
se, but rather on their dynamical response to external
agents. The response to external perturbers is taken into
account, by linearizing against the spherically symmetric,
stationary background,
Φ = [Ψ0(r) + δΨ(t, r, θ, ϕ)] e
−iΩt , (11)
with the assumption |δΨ|  1, where Ψ0 is the radial
profile of the unperturbed object, and θ and ϕ are co-
ordinates used to parametrize the 2-sphere. Then, the
perturbation δΨ allows us to obtain all the physical quan-
tities of interest, like the modes of vibration of the object,
and the energy, linear and angular momenta radiated in
a given process. This approach has a range of validity,
|δΨ|  1, which can be controlled by selecting the per-
turber. As we show below, δΨ ∝ mpµ, where mp is the
rest mass or a mass-related parameter of the external
perturber. Since our results scale simply with mp, it is
always possible to find an external source whose induced
dynamics always fall in our perturbative scheme.
For a generic point-like perturber, the stress-energy
tensor is given by
Tµνp = mp
uµuν
u0
δ (r − rp(t))
r2
δ (θ − θp(t))
sin θ
δ (ϕ− ϕp(t)) ,
(12)
4where uµ ≡ dxµp/dτ is the perturber’s 4-velocity and
xµp (t) = (t, rp(t), θp(t), ϕp(t)) a parametrization of its
worldline in spherical coordinates.
C. The fluxes
The energy, linear and angular momenta contained in
the radiated scalar can be obtained by computing the
flux of certain currents through a 2-sphere at infinity.
These currents are derived from the stress-energy tensor
of the scalar. Since we are not aware of literature where
such important quantities are shown or derived for scalar
fields, we present them below.
First, we decompose the fluctuations as
δΨ =
∑
l,m
∫
dω√
2pir
[
Zωlm1 Y
m
l e
−iωt +
(
Zωlm2
)∗
(Y ml )
∗
eiωt
]
(13)
where Y ml (θ, ϕ) is the spherical harmonic function of
degree l and order m, and Z1(r) and Z2(r) are radial
complex-functions. 1 This decomposition can be rewrit-
ten in the equivalent form
δΨ =
∑
l,m
∫
dω√
2pir
Y ml e
−iωt
× [Z1(ω, l,m; r) + (−1)mZ2(−ω, l,−m; r)∗] . (14)
Unless strictly needed, hereafter, we omit the labels ω, l
and m in the functions Zωlm1 (r) and Z
ωlm
2 (r) to simplify
the notation. For a source vanishing at spatial infinity,
we will see that one has the asymptotic fields
Z1(r →∞) ∼ Z∞1 ei1
(√
(ω+Ω)2−µ2
)
r
,
Z2(r →∞) ∼ Z∞2 ei2
(√
(ω−Ω)2−µ2
)∗
r
, (15)
where 1 ≡ sign(ω + Ω + µ) and 2 ≡ sign(ω − Ω − µ),
and Z∞1 and Z
∞
2 are complex amplitudes which depend
on the source. We choose the signs 1 and 2 to enforce
the Sommerfeld radiation condition at large distances. 2
Scalar field fluctuations cause a perturbation to its
stress-energy tensor, which, at leading order and asymp-
totically, is given by
δTSµν(r →∞) ∼ ∂(µδΦ∗∂ν)δΦ
− 1
2
ηµν
[
∂αδΦ
∗∂αδΦ + µ2|δΦ|2] , (16)
1 It should be noted that Z1 and Z2 are not linearly indepen-
dent. In particular, for the setups considered in this work, we
find Z1(ω, l,m; r) = (−1)mZ2(−ω, l,−m; r)∗. For generality, we
do not impose any constraint on the relation between these func-
tions.
2 By Sommerfeld condition we mean either: (i) outgoing group ve-
locity for propagating frequencies; or, (ii) regularity for bounded
frequencies.
with δΦ ≡ e−iΩtδΨ. Then, the (outgoing) flux of energy
at an instant t through a 2-sphere at infinity is
E˙rad = lim
r→∞ r
2
∫
dθdϕ sin θ δTSrµξ
µ
t , (17)
with the timelike Killing vector field ξt = −∂t. Plugging
the asymptotic fields (15) in the last expression, it is
straightforward to show that the total energy radiated
with frequency in the range between ω and ω + dω is
dErad
dω
= |ω + Ω|Re
[√
(ω + Ω)2 − µ2
]
×
∑
l,m
∣∣Z∞1 (ω, l,m) + (−1)mZ∞2 (−ω, l,−m)∗∣∣2 . (18)
In deriving the last expression we considered a process in
which the small perturber interacts with the background
configuration during a finite amount of time. In the case
of a (eternal) periodic interaction (e.g., small particle or-
biting the scalar configuration) the energy radiated is not
finite. However, we can compute the average rate of en-
ergy emission in such processes, obtaining
E˙rad =
∫
dω
2pi
|ω + Ω|Re
[√
(ω + Ω)2 − µ2
]
×
∑
l,m
∣∣Z∞1 (ω, l,m) + (−1)mZ∞2 (−ω, l,−m)∗∣∣2 . (19)
The last expression must be used in a formal way, be-
cause, as we will see, the amplitudes Z∞1 and Z
∞
2 contain
Dirac delta functions in frequency ω. The correct way to
proceed is to substitute the product of compatible delta
functions by just one of them, and the incompatible by
zero. 3
The (outgoing) flux of linear momentum at instant t is
P˙ radi = lim
r→∞ r
2
∫
dθdϕ sin θ δTSrµe
µ
i , (20)
with i = {x, y, z} and where ex, ey, ez are unit spacelike
vectors in the x, y, z directions, respectively. These are
given by
ex = sin θ cosϕ er +
cos θ cosϕ
r
eθ − sinϕ
r sin θ
eϕ ,
ey = sin θ sinϕ er +
cos θ sinϕ
r
eθ +
cosϕ
r sin θ
eϕ ,
ez = cos θ er − sin θ
r
eθ ,
with eµr = δ
µ
r , e
µ
θ = δ
µ
θ and e
µ
ϕ = δ
µ
ϕ in spherical co-
ordinates. For an axially symmetric process there are
only modes with azimuthal number m = 0 composing
the scalar field fluctuation (13). In that case, using the
3 It is easy to do a more rigorous derivation applying the formalism
directly to a specific process. For generality, we let (19) as it is.
5asymptotic fields (15), one can show that the total linear
momentum radiated along z with frequency in the range
between ω and ω + dω is 4
dP radz
dω
=
∑
l
2(l + 1)Θ
[
(ω + Ω)
2 − µ2
] ∣∣(ω + Ω)2 − µ2∣∣√
(2l + 1)(2l + 3)
× [Λ11(ω, l) + 2Λ12(ω, l) + Λ22(ω, l)] , (21)
where Θ(x) is the Heaviside step function and we defined
the functions
Λ11(ω, l) ≡ Re
[
Z∞1 (ω, l, 0)Z
∞
1 (ω, l + 1, 0)
∗
]
,
Λ12(ω, l) ≡ Re
[
Z∞1 (ω, l, 0)Z
∞
2 (−ω, l + 1, 0)
]
,
Λ22(ω, l) ≡ Re
[
Z∞2 (−ω, l + 1, 0)Z∞2 (−ω, l, 0)∗
]
.
Finally, the (outgoing) flux of angular momentum
along z at instant t is
L˙radz = lim
r→∞ r
2
∫
dθdϕ sin θ δTSrµe
µ
ϕ , (22)
with the spacelike Killing vector eϕ. Plugging the asymp-
totic fields (15) in the last expression, it can be shown
that the total angular momentum along z radiated with
frequency in the range between ω and ω + dω is
dLradz
dω
= Re
[√
(ω + Ω)2 − µ2
]
×
∑
l,m
m
∣∣Z∞1 (ω, l,m) + (−1)mZ∞2 (−ω, l,−m)∗∣∣2 .
(23)
In the case of a periodic interaction, the angular momen-
tum along z is radiated at a rate given by
L˙radz =
∫
dω
2pi
Re
[√
(ω + Ω)2 − µ2
]
×
∑
l,m
m
∣∣Z∞1 (ω, l,m) + (−1)mZ∞2 (−ω, l,−m)∗∣∣2 .
(24)
We can also compute how many scalar particles cross
the 2-sphere at infinity per unit of time. This is obtained
by
Q˙rad = lim
r→∞ r
2
∫
dθdϕ sin θ δjr , (25)
with
δjr(r →∞) ∼ Im (δΦ∗∂rδΦ) , (26)
4 Additionally, it is straightforward to show that no linear momen-
tum is radiated along x and y in an axially symmetric process.
at leading order. Using the asymptotic fields (15), we can
show that the number of particles radiated in the range
between ω and ω + dω is
dQrad
dω
= 1Re
[√
(ω + Ω)2 − µ2
]
×
∑
l,m
∣∣Z∞1 (ω, l,m) + (−1)mZ∞2 (−ω, l,−m)∗∣∣2 . (27)
This gives us a simple interpretation for expressions (18)
and (23). The spectral flux of energy is just the product
between the spectral flux of particles and their individual
energy Ω + ω; similarly, the spectral flux of angular mo-
mentum matches the number of particles radiated with
azimuthal number m times their individual angular mo-
mentum – which is also m. For a periodic interaction,
scalar particles are radiated at an average rate
Q˙rad =
∫
dω
2pi
Re
[√
(ω + Ω)2 − µ2
]
×
∑
l,m
∣∣Z∞1 (ω, l,m) + (−1)mZ∞2 (−ω, l,−m)∗∣∣2 . (28)
One may wonder what is the relation between the ra-
diated fluxes and the energy and momenta lost by the
massive perturber (Elost, P lostz , L
lost
z ). Noting that both
the energy and momenta of the scalar configuration may
change due to the interaction, by conservation of the to-
tal energy and momenta we know that
Elost = ∆E + Erad ,
P lostz = ∆Pz + P
rad
z ,
Llostz = ∆Lz + L
rad
z , (29)
where ∆E, ∆Pz and ∆Lz are the changes in the energy
and momenta of the configuration. So, if we have the ra-
diated fluxes, determining the energy and momenta loss
reduces to computing the change in the respective quan-
tities of the scalar configuration.
In a perturbation scheme it is hard to aim at a di-
rect calculation of these changes, because in general they
include second order fluctuations of the scalar – terms
mixing Φ0 with δ
2Φ; this does not concern the radi-
ated fluxes, since Φ0 is suppressed at infinity. However,
for certain setups we can compute indirectly the change
in the configuration’s energy ∆E. Let us see an exam-
ple. An object interacting with the scalar only through
gravitation is described by a U(1)-invariant action; so,
Noether’s theorem implies that
∇µ δjµ = 0 , (30)
6with 5
δjµ = Im
(
δΦ∗∂µδΦ + Φ∗0∂
µδ2Φ + δ2Φ∗∂µΦ0
)
. (31)
Using the divergence theorem, we obtain that the number
of particles is conserved,
∆Q = −
∫
t=+∞
d3x
√
h δjt +
∫
t=−∞
d3x
√
h δjt
= −Qrad , (32)
which means that the number of particles lost by the
configuration matches the number of radiated particles –
no scalar particles are created. If, additionally, we can
express the change in the configuration’s mass in terms
of the change in the number of particles – as (we will
show) it happens for NBS – we are able to compute ∆M
from the number of radiated particles Qrad; so, we obtain
the energy loss of the perturber Elost using only radiated
fluxes. The loss of momenta P lostz and L
lost
z can, then,
be obtained through the energy-momenta relations; for
example, a non-relativistic perturber moving along z sat-
isfies
Elost =
(mpvi)
2 − (mpvi − P lostz )2
2mp
= P lostz vi −
(P lostz )
2
2mp
, (33)
where vi is the initial velocity along z. Finally, we
can compute the change in the scalar configuration mo-
menta ∆Pz and ∆Lz using (29).
The conservation of the number of particles (i.e,
Noether’s theorem) plays a key role in our scheme; it
allows us to compute the change in the number of par-
ticles – a quantity that involves the second order fluc-
tuation δ2Φ – using only the first order fluctuation δΦ.
When the perturber couples directly with the scalar via a
scalar interaction that breaks the U(1) symmetry – like
the coupling in (177) – the number of scalar particles
is not conserved; the perturber can create and absorb
particles. In that case, our scheme fails and it is not ob-
vious how to circumvent this issue to calculate of ∆M .
In Section III B we apply explicitly the scheme described
above to compute the energy and momentum loss of an
object perturbing an NBS (e.g., a BH binary) from the
radiation that reaches infinity.
5 The cautious reader may have noticed that we are neglecting
the lower order perturbation δjµ = Im
(
Φ∗0∂
µδΦ + δΦ∗∂µΦ0
)
.
This current does not contribute to a change in the number of
particles in the configuration ∆Q, because it is suppressed at
large distances by the factor Φ0 (and its derivatives). In (31) we
are also omitting the terms involving only Φ0, since it is easy to
show that they are static and, so, do not contribute to ∆Q.
FIG. 2. Universal radial profiles Ψ(r) and U(r) of the nu-
merical solution of system (39) with appropriate boundary
conditions. Due to the scaling (40), this profile describes all
the fundamental NBSs. They are characterized by the re-
scaling invariant quantity γ/(M2NBSµ
3) ' 0.162712 and the
mass-radius relation (43).
III. NEWTONIAN BOSON STARS
We start with the simplest theory of a scalar giving
rise to self-gravitating objects. The theory is that of a
minimally coupled massive field, or even with higher or-
der interactions, but taken at Newtonian level. The ob-
jects themselves – NBSs – have been studied for decades,
either as BH mimickers, as toy models for more compli-
cated exotica that could exist, or as realistic configura-
tions that can describe DM [14–16]. Despite the intense
study and the recent activity at the numerical relativity
level [23, 39–44], their interaction with smaller objects
(describing, for example, stars piercing through or orbit-
ing such NBSs) has hardly been studied. The variety and
disparity of scales in the problem makes it ill-suited for
full-blown numerical techniques, but ideal for perturba-
tion theory.
A. Background configurations
The field equations for Φ and gµν are obtained through
the variation of action (3) with respect to Φ∗ and gµν ,
resulting in
1√−g ∂µ
(√−ggµν∂νΦ) = µ2Φ ,
Rµν − 1
2
Rgµν = 8piT
S
µν . (34)
Here, we are already using that U ∼ µ2 |Φ|2 /2, since we
want to consider a (Newtonian) weak scalar field |Φ| 
1. The stress-energy tensor of the scalar TSµν is given in
Eq. (6). We are interested in localized solutions of this
model with a scalar field of the form (8), with frequency
Ω = µ− γ . (35)
7in the limit 0 < γ  µ. These are the so-called NBSs. In
this case, the energy Ω of the individual scalar particles
forming the NBS is approximately given by their rest-
mass energy µ. In appendix A we show that, using the
Newtonian spacetime metric
ds2 = − (1 + 2U) dt2 +dr2 +r2 (dθ2 + sin2 θdϕ2) , (36)
with a weak gravitational potential |U(r)|  1, and re-
taining only the leading order terms, system (34) reduces
to the simpler system
i∂tΦ˜ = − 1
2µ
∇2Φ˜ + µU Φ˜ ,
∇2U = 4piµ|Φ˜|2 , (37)
where the Schro¨dinger field Φ˜ is related with the Klein-
Gordon field Φ through
Φ˜ ≡ √µ eiµtΦ . (38)
This is known as Schro¨dinger-Poisson system (see, e.g.,
Ref. [45]). To arrive at this description, one assumes
that the scalar field Φ is non-relativistic, which implies
|∂tΦ˜|  µ|Φ˜|. Using ansatz (8) for the scalar field Φ, one
finds
∂2rΨ +
2
r
∂rΨ− 2µ (µU + γ) Ψ = 0 ,
∂2rU +
2
r
∂rU − 4piµ2Ψ2 = 0 , (39)
with the constraints 0 < γ  µ, |U |  1 and |Ψ| 
1. Remarkably, this system is left invariant under the
transformation
(Ψ, U, γ)→ λ2(Ψ, U, γ) , r → r/λ . (40)
These relations imply that the NBS mass scales as
MNBS → λMNBS (see Eq. (41)). This scale invariance
is extremely useful, because it allows us to effectively ig-
nore the constraints on γ, U and Ψ when solving Eq. (39);
one can always rescale the obtained solution with a suffi-
ciently small λ, such that the constraints (i.e., the New-
tonian approximation) are satisfied for the rescaled so-
lution. Even more importantly is the fact that once a
fundamental (i.e., ground state) NBS solution is found,
all other fundamental stars can be obtained through a
rescaling of that solution; obviously, the same applies to
any other particular excited state.
A numerical solution of system (39), with appropriate
boundary conditions, describing all fundamental NBSs,
is summarized in Fig. 2. 6 It is easy to see that, at
large distances, the scalar decays exponentially as Ψ ∼
6 In addition to the conditions on Φ (stated in Sec. II B), here we
impose ∂rU(0) = 0 and limr→∞ U = 0.
e−
√
2µγr/r, whereas the Newtonian potential falls off as
−MNBS/r. Noting that the mass of an NBS is given by
MNBS = 4piµ
2
∫ ∞
0
dr r2 |Ψ|2 , (41)
it is possible to show that, for a fundamental NBS,
MNBS
M
' 3× 1012 λ
(
10−22 eV
µ
)
, (42)
with a scaling parameter λ, such that {Ψ, U, γ/µ} ∼
O(λ2). If one is interested in describing a DM core of
mass M ∼ 1010M, this can be achieved then via a fun-
damental NBS made of self-gravitating scalar particles of
mass µ ∼ 10−22 eV, with a scaling parameter λ ∼ 10−2,
which satisfies the Newtonian constraints.
All the fundamental NBSs satisfy the scaling-invariant
mass-radius relation
MNBSµ =
9.1
Rµ
, (43)
where the NBS radius is defined as the radius of the
sphere enclosing 98% of its mass. This result agrees well
with previous results in the literature [11, 16, 45–48].
Comparing with some relevant scales, it can be written
as
MNBS
M
= 9× 109 100 pc
R
(
10−22 eV
µ
)2
. (44)
Accurate fits for the profile of the scalar wavefunction
are provided in Ref. [49]. Unfortunately, these fits are
defined by branches, and similar results for the gravita-
tional potential are not discussed at length. We find that
a good description of the gravitational potential of NBSs,
accurate to within 1% everywhere is the following:
U = µ2M2NBSf , (45)
f =
a0 + 11
a0
r1
x+
∑9
i=2 aix
i − x10
(x+ r1)11
, (46)
x = µ2MNBSr , r1 = 1.288 ,
a0 = −5.132 , a2 = −143.279 , a3 = −645.326 ,
a4 = 277.921 , a5 = −2024.838 , a6 = 476.702 ,
a7 = −549.051, a8 = −90.244 , a9 = −13.734 . (47)
The (cumbersome) functional form was chosen such that
it yields the correct large-r behavior, and the correct reg-
ular behavior at the NBS center. For the scalar field, we
find the following 1%-accurate expression inside the star,
Ψ = µ2M2NBSg , (48)
g = e−0.570459x
∑8
i=0 bix
i + bfx
9.6
(x+ r2)9
, (49)
x = µ2MNBSr , r2 = 1.182 ,
b0 = 0.298 , b1 = 2.368 , b2 = 10.095 ,
b3 = 12.552 , b4 = 51.469 , b5 = −8.416 ,
b6 = 54.141, b7 = −6.167 , b8 = 8.089 ,
bf = 0.310 . (50)
8Finally, for future reference, the number of particles
contained in an NBS is
QNBS = 4piµ
∫ ∞
0
dr r2 |Ψ|2 , (51)
and, then, we can write the mass as MNBS = µQNBS.
B. Small perturbations
As shown in appendix A, small perturbations of the
form (11) to the scalar field, together with the NBS per-
turbed gravitational potential
U = U0(r) + δU(t, r, θ, ϕ) , (52)
satisfy the linearized system of equations
i∂tδΨ = − 1
2µ
∇2δΨ + (µU0 + γ) δΨ + µΨ0δU , (53)
∇2δU = 4pi [µ2Ψ0 (δΨ + δΨ∗) + P ] , (54)
where U0 is the gravitational potential of the unper-
turbed star, and we have included an external point-like
perturber 7
P ≡ mp δ (r − rp(t))
r2
δ (θ − θp(t))
sin θ
δ (ϕ− ϕp(t)) . (55)
This system of equations was derived for non-relativistic
fluctuations, which satisfy |∂tδΨ|  µ|δΨ|, and are
sourced by a non-relativistic, Newtonian perturber. To
study the sourceless case, one can simply set mp = 0.
As shown in detail in Appendix A, the perturber couples
to the NBS through the total stress energy tensor enter-
ing Einstein’s equation in (34), which is taken to be the
sum of the stress energy tensor of the scalar TSµν (given
in Eq.(6)) and of the perturber T pµν (given in Eq.(12)).
We neglect the backreaction on the perturber’s motion
and treat its worldline as given.
Let us decompose the fluctuations of the scalar field as
in (13), and the gravitational potential and the source,
respectively, as 8
δU =
∑
l,m
∫
dω√
2pir
[
uωlmY ml e
−iωt +
(
uωlm
)∗
(Y ml )
∗
eiωt
]
,
P =
∑
l,m
∫
dω√
2pir
[
pωlmY ml e
−iωt +
(
pωlm
)∗
(Y ml )
∗
eiωt
]
,
7 This was obtained considering a non-relativistic external per-
turber. Note that P is just the non-relativistic limit of T ptt given
in (12).
8 Note that the perturbation δU must be real-valued. Again,
we will omit the labels ω, l and m in the functions uωlm(r)
and pωlm(r) to simplify the notation.
where pωlm are radial complex-functions defined by
pωlm ≡ r
2
√
2pi
∫
dtdθdϕ sin θ P (Y ml )
∗
eiωt . (56)
From equations (53) and (54) one obtains the matrix
equation
∂rX − VB(r)X = P , (57)
with the vector X ≡ (Z1, Z2, u, ∂rZ1, ∂rZ2, ∂ru)T , the
matrix VB given by
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
V − 2µ(ω − γ) 0 2µ2Ψ0 0 0 0
0 V + 2µ(ω + γ) 2µ2Ψ0 0 0 0
4piµ2Ψ0 4piµ
2Ψ0 V − 2µ2U0 0 0 0

.
Here, the radial potential
V (r) ≡ l(l + 1)
r2
+ 2µ2U0 , (58)
and the source term
P (r) ≡ (0, 0, 0, 0, 0, 4pip)T . (59)
Note that the condition of non-relativistic fluctuations
translates, here, into the simple inequality |ω|  µ.
As suitable boundary conditions to solve for the fluc-
tuations, we require both regularity at the origin,
X(r → 0)
∼ (arl+1, brl+1, crl+1, a(l + 1)rl, b(l + 1)rl, c(l + 1)rl)T ,
with complex constants a, b and c, and the Sommerfeld
radiation condition at infinity,
X(r →∞)
∼ (Z∞1 eik1r, Z∞2 eik2r, u∞, ik1Z∞1 eik1r, ik2Z∞2 eik2r, 0)T ,
(60)
with
k1 ≡
√
2µ (ω − γ) , (61)
k2 ≡ −
(√
−2µ (ω + γ)
)∗
. (62)
In the last expression we are using the principal complex
square root.
To calculate the fluctuations we will make use
of the set of independent homogeneous solutions
{Z(1),Z(2),Z(3),Z(4),Z(5),Z(6)}, uniquely determined
9by
Z(1)(r → 0) ∼
(
rl+1, 0, 0, (l + 1)rl, 0, 0
)T
,
Z(2)(r → 0) ∼
(
0, rl+1, 0, 0, (l + 1)rl, 0
)T
,
Z(3)(r → 0) ∼
(
0, 0, rl+1, 0, 0, (l + 1)rl
)T
,
Z(4)(r →∞) ∼
(
eik1r, 0, 0, ik1e
ik1r, 0, 0
)T
,
Z(5)(r →∞) ∼
(
0, eik2r, 0, 0, ik2e
ik2r, 0
)T
,
Z(6)(r →∞) ∼
(
0, 0, u∞, 0, 0, 0
)T
. (63)
Then, the matrix
F (r) ≡ (Z(1),Z(2),Z(3),Z(4),Z(5),Z(6)) (64)
is known as the fundamental matrix of system (57). As
shown in Appendix B, the determinant of F is indepen-
dent of r.
Finally, note that system (57) is invariant under the
re-scaling
(U0,Ψ0, γ, ω)→ λ2(U0,Ψ0, γ, ω) , r → r/λ , (65)
and, so, it can always be pushed into obeying the non-
relativistic constraint. Additionally, for convenience, we
impose that δΨ and δU are left invariant by the re-
scaling, by performing the extra transformation
(Z1,2, u)→ λ−3(Z1,2, u) , mp → λ−1mp . (66)
For a process happening during a finite amount of time
the change in the NBS energy is, at leading order,
∆ENBS = −
∫
t=+∞
d3x
√
h δTStt +
∫
t=−∞
d3x
√
h δTStt
= µ∆QNBS , (67)
since, at leading order,
δTStt = µ
2
(
|δΨ|2 + 2Ψ0Re(δ2Ψ)
)
= µ δjt , (68)
where δ2Ψ is a second order fluctuation of the scalar and
we used (31) for the second equality.
1. Validity of perturbation scheme
The perturbative scheme requires that |δΨ|  1, which
can always be enforced by making mp as small as nec-
essary. On the other hand, the background construc-
tion neglects higher-order post-Newtonian (PN) contri-
butions. A self-consistent perturbative expansion re-
quires that such neglected terms (of order ∼ U20 ) do
not affect the dynamics of small fluctuations (of order ∼
δU). This imposes mp & 104M
(
MNBS
1010M
)3 (
µ
10−22 eV
)2
,
which holds true for many systems of astrophysical inter-
est. As shown in Appendix A, the scalar evolution equa-
tion (A17) is sourced by higher PN-order terms. How-
ever, these are nearly static, or very low frequency terms,
hence will make a negligible contribution for high-energy
binaries or plunges. In other words, the previous con-
straint can be substantially relaxed in dynamical situa-
tions, such as the ones we focus on. Finally, the Newto-
nian, non-relativistic approximation requires the source
to have a small frequency . 2 × 10−8 (µ/10−22eV) Hz,
in the case of a periodic motion. In Appendix A we show
how to extend the formalism to include Newtonian but
high frequency sources, and use it to calculate emission
by a high frequency binary in Section III I. For plunges of
nearly constant velocity v piercing through an NBS, the
Newtonian and non-relativistic approximation requires
that v . Rµ. Fortunately, any NBS has Rµ 1 and the
latter condition is trivially verified.
2. Sourceless perturbations
Free oscillations of NBSs are fluctuations of the form
δΨ =
1√
2pir
[
Z1Y
m
l e
−iωt + Z∗2 (Y
m
l )
∗
eiω
∗t
]
,
δU =
1√
2pir
[
uY ml e
−iωt + u∗ (Y ml )
∗
eiω
∗t
]
, (69)
where Z1, Z2 and u are regular solutions of system (57)
with P = 0, satisfying the Sommerfeld condition at infin-
ity. These are also known as quasi-normal mode (QNM)
solutions, and the corresponding frequency ω is the QNM
frequency. Noting that the condition
det(F ) = 0 , (70)
holds if and only if ω is a QNM frequency, we are able
to find the NBS proper oscillation modes by solving the
sourceless system (57), and requiring at the same time
that (70) is verified. These frequencies are shown in Ta-
ble I.
Additionally, notice that the sourceless system (57) ad-
mits also the trivial solution
δΨ = Ψ0(1 + iγt) ,
δU =  U0 , (71)
with a constant   1. This solution is valid only for a
certain amount of time (while the perturbation scheme
holds) and it corresponds just to an infinitesimal change
of the background NBS (i.e, an infinitesimal re-scaling of
the original star) by a λ = 1 + /2. This perturbation
causes a static change in the number of particles in the
star
δQ =

2
QNBS , (72)
and in its mass
δM = µ δQ =

2
MNBS . (73)
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3. External perturbers
In the presence of an external perturber, one needs
to prescribe its motion through the source term (55).
The solution of system (57) which is regular at the origin
and satisfies the Sommerfeld condition at infinity can be
obtained through the method of variation of parameters,
and it reads
Z1(r) = 4pi
[
3∑
n=1
F1,n(r)
∫ r
∞
dr′F−1n,6(r
′)p(r′)
+
6∑
n=4
F1,n(r)
∫ r
0
dr′F−1n,6(r
′)p(r′)
]
, (74)
Z2(r) = 4pi
[
3∑
n=1
F2,n(r)
∫ r
∞
dr′F−1n,6(r
′)p(r′)
+
6∑
n=4
F2,n(r)
∫ r
0
dr′F−1n,6(r
′)p(r′)
]
, (75)
u(r) = 4pi
[
3∑
n=1
F3,n(r)
∫ r
∞
dr′F−1n,6(r
′)p(r′)
+
6∑
n=4
F3,n(r)
∫ r
0
dr′F−1n,6(r
′)p(r′)
]
, (76)
where Fi,j is the (i, j)-component of the fundamental ma-
trix defined in Eq. (64). To obtain the total energy, linear
and angular momenta radiated during a given process, all
we need are the amplitudes Z∞1 and Z
∞
2 . These are given
by
Z∞1 = 4pi
∫ ∞
0
dr′F−14,6 (r
′)p(r′) , (77)
Z∞2 = 4pi
∫ ∞
0
dr′F−15,6 (r
′)p(r′) . (78)
Let us now apply our framework to a few physically in-
teresting external perturbers.
Plunging particle. Consider a pointlike perturber
plunging into an NBS. Without loss of generality, one
can assume its motion to take place in the z-axis, be-
ing described by the worldline xµ(t) = (t, 0, 0, zp(t)) in
Cartesian coordinates. Neglecting the backreaction of
the fluctuations on the perturber’s motion,
z¨p(t) = −∂zU0(zp) . (79)
We consider that the perturber crosses the NBS center
at t = 0 (i.e., zp(0) = 0) with velocity
z˙p(0) = −
√
2 (U0(R)− U0(0)) + v2R , (80)
where vR is the velocity with which the massive object
enters the NBS; in other words, it is the velocity at r = R.
In spherical coordinates the source reads
P = mp
δ(ϕ)
r2 sin θ
× [δ (r − zp(t)) δ (θ) + δ (r + zp(t)) δ (θ − pi)] . (81)
Here we do not want to be restricted to massive objects
describing unbounded motions and, so, we consider also
perturbers with small vR. These may not have sufficient
energy to escape the NBS gravity, being doomed to re-
main in a bounded oscillatory motion (see Section III G).
In these cases, we want to find the energy and momen-
tum loss in one full crossing of the NBS and, so, we shall
take the above source as ”active” just during that time
interval, vanishing whenever else.
Using Eq. (56) the function p is
p = − mp√
2pi
Y 0l (0)δ
0
m
|t′p(r)|
r
(
e−iωtp(r) + (−1)leiωtp(r)
)
,
with tp(r) ≥ 0 defined by zp [tp(r)] = −r. This can be
rewritten in the form
p =
mp√
2pi
Y 0l (0) δ
0
m
×|t
′
p(r)|
r
(
cos [ωtp(r)] δ
even
l − i sin [ωtp(r)] δoddl
)
. (82)
The property
p(ω, l, 0; r) = p(−ω, l, 0; r)∗ , (83)
together with the form of system (57), implies that
Z2(ω, l, 0; r) = Z1(−ω, l, 0; r)∗ , (84)
Z∞2 (ω, l, 0) = Z
∞
1 (−ω, l, 0)∗ . (85)
So, the spectral fluxes (27), (18), (21) and (23) become,
respectively,
dQrad
dω
= 4 Re
[√
2µ(ω − γ)
]∑
l
|Z∞1 (ω, l, 0)|2 , (86)
dErad
dω
= (µ− γ + ω) dQ
rad
dω
' µdQ
rad
dω
, (87)
dP radz
dω
=
∑
l
16µ(l + 1)√
(2l + 1)(2l + 3)
Θ (ω − γ) |ω − γ|
× Re [Z∞1 (ω, l, 0)Z∞1 (ω, l + 1, 0)∗] , (88)
and
dLradz
dω
= 0 . (89)
These expressions were derived assuming a perturber in
an unbounded motion. However, these are also good es-
timates to the energy and momenta radiated during one
full crossing of the NBS by a bounded perturber, as long
as its half-period is much larger than the NBS crossing
time.
To compute how much energy is lost by the perturber,
we need to know the change in the NBS energy ∆ENBS.
At leading order, this is given by
∆ENBS = µ∆QNBS = −µQrad , (90)
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using Eq. (67) in the first equality and (32) in the sec-
ond. Conservation of total energy-momenta, expressed
through Eq. (29), implies that the perturber loses the
energy
Elost = ∆ENBS + E
rad =
∫
dω (ω − γ)dQ
rad
dω
= 4
√
2µ
∫
dωRe
[
(ω − γ) 32
]∑
l
|Z∞1 (ω, l, 0)|2 . (91)
The last expression should be understood as an order of
magnitude estimate. If we had considered only the lead-
ing order contribution to ∆ENBS and E
rad, we would
have obtained Elost = 0. In the second equality we used
higher order corrections to Erad – the factor (ω−γ) µ;
but not to ∆ENBS. The corrections to ∆ENBS may be of
the same order of the corrections to Erad and should be
included in a rigorous calculation of Elost. We do not at-
tempt that in this work. Interestingly, in our approxima-
tion the energy loss of the perturber matches the kinetic
energy of the radiated scalar particles at infinity, as can
be readily verified. The terms neglected should contain
information about, for instance, the gravitational and ki-
netic energy of the radiated particles when they were in
the unperturbed NBS. Still, we believe that Eq. (91) is
good estimate of the order of magnitude of Elost and that
it scales correctly with the boson star and perturber’s
mass, MNBS and mp, respectively.
For a small perturber mpµ  vR, its momentum and
energy loss are related through (see Eq. (33)) 9
P lostz ' −
Elost
vR
. (92)
Conservation of total momentum, as expressed in (29),
implies that the NBS acquires a momentum 10
PNBS = P
lost
z − P radz = −
Elost
vR
− P radz . (93)
Orbiting particles. Consider an equal-mass binary,
with each component having mass mp, and describing
a circular orbit of radius rorb and angular frequency ωorb
in the equatorial plane of an NBS. The source is modelled
as
P =
mp
r2orb
δ(r − rorb)δ
(
θ − pi
2
)
× [δ(ϕ− ωorbt) + δ(ϕ+ pi − ωorbt)] . (94)
9 Using the full expression (33), it is easy to see that if Elost ∝ m2p,
then P lost ∝ m2p in the limit mpµ vR. The Elost ∝ m2p follows
from Z∞1 ∝ mp (see Eq. (77)).
10 The watchful reader may wonder why the kinetic energy asso-
ciated with the momentum acquired by the boson star ∆Pz is
not included in ∆ENBS. Actually, this is one of the higher order
corrections neglected in (91), but it is easy to check that it is
subleading comparing with the correction of Erad considered.
We are assuming that the center of mass of the binary
is at the center of the NBS, but in principle our results
extend to all binaries sufficiently deep inside the NBS.
Also, our methods can be applied to any binary as long
as a suitable source P is given.
Using Eq. (56) the source above yields
p = mp
√
pi
2
Y ml (pi/2, 0)
rorb
×(1 + (−1)m)δ (r − rorb) δ (ω −mωorb) . (95)
The perturber’s motion is fully specified by a prescrip-
tion relating rorb and ωorb; we consider Keplerian or-
bits r3orb = M/ω
2
orb, where M = 2mp is the total mass.
This setup describes either stellar-mass or supermassive
BH binaries orbiting inside a NBS. Alternatively, apply-
ing the transformation mp(1 + (−1)m)→ mp, we obtain
a source that describes an extreme mass ratio inspiral
(EMRI). This could be, for instance, a star of mass mp
on a circular orbit around a central massive BH of mass
MBH. In such case we consider the Keplerian prescription
r3orb = MBH/ω
2
orb.
The symmetry
p(ω, l,m; r) = (−1)mp(−ω, l,m; r)∗ , (96)
together with the form of system (57) implies
Z2(ω, l,m; r) = (−1)mZ1(−ω, l,−m; r)∗ , (97)
Z∞2 (ω, l,m) = (−1)mZ∞1 (−ω, l,−m)∗ . (98)
These simplify the emission rate expressions (28), (19)
and (24), yielding
Q˙rad =
2
pi
∫
dωRe
[√
2µ (ω − γ)
]∑
l,m
|Z∞1 (ω, l,m)|2 ,
E˙rad =
2
pi
∫
dω(µ− γ + ω)Re
[√
2µ (ω − γ)
]∑
l,m
|Z∞1 (ω, l,m)|2 ,
L˙radz =
2
pi
∫
dωRe
[√
2µ (ω − γ)
]∑
l,m
m |Z∞1 (ω, l,m)|2 .
These can be written explicitly as
Q˙rad = 32pi p˜2
∑
l,m
Re
(√
2µ (mωorb − γ)
)
× ∣∣F−14,6 (mωorb; rorb)∣∣2 , (99)
E˙rad = 32pi p˜2
∑
l,m
Re
(√
2µ (mωorb − γ)
)
× (µ− γ +mωorb)
∣∣F−14,6 (mωorb; rorb)∣∣2 , (100)
L˙radz = 32pi p˜
2
∑
l,m
mRe
(√
2µ (mωorb − γ)
)
× ∣∣F−14,6 (mωorb; rorb)∣∣2 , (101)
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where we defined
p˜ ≡ mp
√
pi
2
Y ml (pi/2, 0)
rorb
(1 + (−1)m) .
Equation (100) can be further simplified using
µ− γ +mωorb ' µ ,
since we are treating the scalar fluctuations as non-
relativistic; that is only valid if γ  µ and ωorb  µ. 11
Now we follow the same procedure that we applied in
the previous section to a plunging particle, to estimate the
rate of energy loss of the binary. We start by computing,
at leading order, the change in the NBS energy per unit
of time:
E˙NBS = µQ˙NBS = −µQ˙rad , (102)
where we used Eq. (67) in the first equality and (32) in
the second. 12 Conservation of the total energy implies
that the binary energy loss per unit of time is
E˙lost = E˙rad + E˙NBS = 32pip˜
2
∑
l,m
(mωorb − γ)
× Re
(√
2µ (mωorb − γ)
) ∣∣F−14,6 (mωorb; rorb)∣∣2 . (103)
Again, the last expression should be understood as an
order of magnitude estimate (the reason is discussed in
the previous section where we considered a plunging par-
ticle).
For a small perturber mp  |ωorb|r2orb, its angular mo-
mentum and energy loss are related through
L˙lostz '
E˙lost
ωorb
. (104)
Conservation of total angular momentum, expressed
through Eq. (29), implies that per unit of time the NBS
acquires the angular momentum
L˙NBS = L˙
lost
z − L˙radz =
E˙lost
ωorb
− L˙radz . (105)
C. Free oscillations
The characteristic, non-relativistic oscillations of NBSs
are regular solutions of the system (53)-(54) satisfying
Sommerfeld conditions (60) at large distances. For each
angular number l, there seems to be an infinite, discrete
11 Large azimuthal numbers m do not spoil the approximation, be-
cause the emission is strongly suppressed by F−14,6 in that limit.
12 Equations (32) and (67) are easy to adapt to changes happening
during a finite amount of time ∆t. To get the rates of change
one just needs to divide these expressions by ∆t and take the
limit ∆t→ 0.
l
ω
(n)
QNM
M2NBSµ
3
0 0.0682 0.121 0.138 0.146 0.151 0.154 0.159
1 0.111 0.134 0.144 0.149 0.153 0.157 0.162
2 0.106 0.131 0.143 0.149 0.153 0.156 0.161
TABLE I. Normal frequencies of an NBS of mass MNBS
for the three lowest multipoles. For each multipole l we
show the fundamental mode (n = 0) and the first five over-
tones. At large overtone number the modes cluster around
γ ' 0.162712M2NBSµ3. The first mode for l = 0 agrees with
that of Ref. [50] when properly normalized and with an ongo-
ing fully relativistic analysis [52]. The two lowest l = 0, 1, 2
modes are in good agreement with a recent time-domain anal-
ysis [51].
set of solutions which we label with an overtone index n,
ωnQNM. The first few characteristic frequencies, normal-
ized to the NBS mass, are shown in Table I. They turn
out to be all normal mode solutions, confined within the
NBS. The characteristic frequencies are all purely real
and cluster around γ. We highlight the fact that the
numbers in Table I are universal, they hold for any NBS.
The fundamental l = 0 mode (the first entry in the Ta-
ble) had been computed previously [50], and agrees with
our calculation to excellent precision (after proper nor-
malization). Our results are also in very good agreement
with the frequencies of the first two modes, obtained in
a recent time-domain analysis [51]. Modes of relativistic
stars have been considered in the literature [53–57] and
should smoothly go over to the numbers in Table I. Note
that modes of relativistic BSs are damped, due to cou-
plings between the scalar and the metric and the possibil-
ity to lose energy via gravitational waves. Such damping
– which is small for the relevant polar fluctuations [55–
57] – should get smaller as one approaches the Newtonian
regime, but a full characterization of the modes of boson
stars is missing. Our results show that NBSs are linearly
mode stable; it would be interesting to have a formal
proof, perhaps following the methods of Ref. [58, 59].
We point out that the stabilization of a perturbed boson
star through the emission of scalar field – known as grav-
itational cooling – has been studied previously [60–62].
D. A perturber sitting at the center
Static perturbations of NBSs, or of solitonic DM cores
of light fields are interesting in their own right. For per-
turbers localized far away, the induced tidal effects can
dissipate energy and lead to distinct signatures, both in
GW signals and in the dynamics of objects close to such
configurations [63–65]. We will not perform a general
analysis of static tidal effects and will instead focus on
perturbations due to a massive object at the center of an
NBS. Such object can be taken to be a supermassive BH
or a neutron star, and the induced changes are impor-
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FIG. 3. Universal perturbations induced a massive object,
of mass mp, sitting at the center of the scalar configura-
tion. We assume that the perturber was brought adiabat-
ically so that δQNBS = δMNBS = 0. Upper panel: per-
turbation in the mass density of the NBS obtained using
Eq. (109). Lower panel: perturbation in the gravitational
potential rδU = r (δUp + δU). As expected, for large r, one
recovers the Coulombian potential U = −mp/r.
tant to understand how DM distribution is affected by
baryonic “impurities.”
Consider then a BH or star, described by the source
(55), and inducing static, spherically symmetric, real per-
turbations on the scalar field and gravitational poten-
tial, respectively, δΨp(r) and δUp(r). Then, Eqs. (53)
and (54) become
∇2δΨp = 2µ (µU0 + γ) δΨp + 2µ2Ψ0δUp ,
∇2δUp = 4pi
(
2µ2Ψ0 δΨp + P
)
. (106)
In the static source limit, it is easy to show that the
matter moments are given by
p = lim
rp→0
1
2
√
2
mp
rp
δ0l δ
0
mδ(ω)δ(r − rp) , (107)
which, through the variation of parameters, implies that
δΨp = mp
6∑
n=4
F1,n(r)
r
lim
rp→0
(
F−1n,6(rp)
rp
)
,
δUp = mp
6∑
n=4
F3,n(r)
r
lim
rp→0
(
F−1n,6(rp)
rp
)
, (108)
where the components of the fundamental matrix and
its inverse are evaluated at l = m = ω = 0. Note that
the change in the number of particles and mass of the
NBS, respectively, δQp and δMp, is static, but non-zero
in general. This is a consequence of the source being
treated as if it was eternal. However, we know that if the
perturber is brought in an adiabatic way to the center
of the NBS there is no scalar radiation emitted, and, so,
no change in the number of particles and mass of the
star, δQNBS = δMNBS = 0. Fortunately, we are free
to sum a trivial homogeneous solution (71) to enforce
δQNBS = δMNBS = 0, while keeping δΨ = δΨp+δΨ and
δU = δUp+ δU a solution of the inhomogeneous system.
The perturbation induced in the density of particles is
given by
δρQ = −δjt = 2µΨ0 Re (δΨ) = 2µΨ0
(
δΨp +

2
Ψ0
)
,
and the one induced in the mass density by
δρM = δT
S
00 = µ δρQ = 2µ
2Ψ0
(
δΨp +

2
Ψ0
)
, (109)
where jt is the t-component of the Noether’s current.
The parameter  associated with the trivial homogeneous
solution must be chosen appropriately, so that
4pi
∫ ∞
0
dr r2δρQ = 4pi
∫ ∞
0
dr r2δρM = 0 . (110)
The perturbations in the mass density and gravita-
tional potential of an NBS induced by a massive object
sitting at its center are shown in Fig. 3. Our results
indicate that the particle attracts scalar field towards
the center, where the gravitational potential corresponds
solely to that of the point-like mass. These results are
consistent with those in Ref. [11]. We find an insignifi-
cant change in the local DM mass density, when placing
a point-like perturber at the center of an NBS; notice
that δρM (0)/ρM (0) ∼ 10mp/MNBS. Thus, a massive
perturber will not enhance greatly the local DM density,
which is smooth and flat for light scalars.
On the other hand, studies with particle-like DM mod-
els find that its density close to supermassive BHs in-
creases significantly [66, 67]. This is in clear contrast
to our results for light fields, a perturber does not sig-
nificantly alter the local ambient density, since its size
is much smaller than the scalar Compton wavelength.
Parenthetically, large overdensities seem to be in some
tension with observations [8]. Possible ways to ease the
tension rely on scattering of DM by stars or BHs, or
accretion by the central BH, induced by heating in its
vicinities [68–70]. These outcomes cannot possibly gener-
alize to light scalars, at least not when the configuration
is spherically symmetric, since there are no stationary
BH configurations with scalar “hair” [71, 72]. But these
results do prompt the questions: what happens to an
NBS when a BH is placed at its center? what happens
to the local scalar amplitude of an NBS when a binary is
orbiting? We now turn to these issues.
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E. A black hole eating its host boson star
As we noted, there are no stationary, spherically sym-
metric configurations when a non-spinning BH is placed
at the center. On long timescales, the entire NBS will
be accreted by the BH, a fraction dissipating to infinity.
This means, in particular, that our results cannot be ex-
trapolated to when the point-like particle is a BH, and
describe the system only at intermediate times. What is
the lifetime of such a system, composed of a small BH
sitting at the center of an NBS? Unfortunately, most of
the studies on BH growth and accretion assume a fluid-
like environment [73], an assumption that breaks down
completely here, since the Compton wavelength of the
scalar is much larger than that of the BH. Exceptions
to this rule exist [74, 75], but focus on different aspects,
and do not consider setups with the necessary difference
in lengthscales.
The precise answer to this question requires full non-
linear simulations in a challenging regime, with proper
initial conditions. However, in the limit we are inter-
ested in, where the BH, of mass MBH MNBS, is orders
of magnitude smaller and lighter than the NBS, a per-
turbative calculation is appropriate. Consider a sphere
of radius r+ centred at the origin of the NBS. The NBS
is stationary, and there is a flux of energy crossing such
a sphere inwards (detailed in Appendix C)
E˙in ≈ 10−3µ7r2+M5NBS , (111)
and the same amount crossing it outwards. If such
a sphere defines the BH boundary r+ = 2MBH
13, a
fraction will be absorbed by the BH. Because of rela-
tivistic effects, low-frequency waves (the scalar field fre-
quency is µ and we are in the low frequency regime with
µMBH  1) are poorly absorbed, and one finds that the
flux into the BH is [76] 14
E˙abs = 32pi (MBHµ)
3
E˙in =
16pi
125
M5BH
M5NBS
(MNBSµ)
10
.
We have tested the above physics with a series of toy
models, including the study of accretion of a massive,
non self-gravitating scalar confined in a spherical cavity
with a small BH at the center (see Appendix D 2). This
toy model conforms to the physics just outlined. One
example, summarized in Appendix D 1, suggests that all
modes of the NBS are excited during such an accretion
process, but made quasinormal (i.e., damped) by the
presence of the absorption. These are all low-frequency
13 Actually, such a sphere should be placed outside the effective
potential for wave propagation around BHs, but the difference is
not relevant here.
14 We are taking the limit ω → µ in the expression for the trans-
mission. Strictly speaking, we are in the ω < µ regime, but
continuity of results should be valid.
modes, and our argument should be valid even in such
circumstance.
With E˙abs = M˙BH and fixed NBS mass, one finds the
timescale
τ ∼ 1
M4BHM
5
NBSµ
10
= 1024 yr
MNBS
1010M
( χ
104
)4( 0.1
MNBSµ
)10
, (112)
where χ ≡ MNBS/MBH. In other words, the timescale
for the BH to increase substantially its mass – which we
take as a conservative indicative of the lifetime of the en-
tire NBS – is larger than a Hubble timescale for realistic
parameters. This timescale is the result of forcing the
BH with a nearly monochromatic field from the NBS.
When the material of the star is nearly exhausted, a new
timescale is relevant, that of the quasinormal modes of
the BH surrounded by a massive scalar. This timescale
is τQNM ∼MBH(MBHµ)−6 < τ [3, 77], but still typically
larger than a Hubble time.
When rotation is included, the entire setup may be-
come even more stable: rotation is able to provide energy,
via superradiance, to the surrounding field, and sustain
nearly stationary, but non spherically-symmetric, config-
urations [2, 3]. We will not discuss these effects here.
F. Massive objects plunging into boson stars
Consider now a massive perturber plunging, head-on,
into an NBS. The perturber is assumed to have traveled
from far away, but for our purposes the only relevant
quantity is the perturber velocity when it reaches the
NBS surface, v = −vRez, with vR ≥ 0. This setup is de-
scribed in detail in Sec. III B 3. As we argued before (and
also below), this situation could describe a massive BH
“kicked” at formation, via GW emission, in a DM core
of light fields, or, simply, stars crossing an NBS. Our
framework allow us to do the first self-consistent com-
putation of the gravitational drag acting on perturbers
in such systems. Including the effect of the NBS gravi-
tational potential on the perturber motion sets a natu-
ral critical velocity in the problem, the escape velocity
vesc. For the fundamental NBS described in Fig.2, the
velocity needed to escape from the surface of the NBS
is vesc ∼ 0.47MNBSµ. When the velocity is smaller than
this, the crossing object should be confined in the NBS
with an oscillatory motion. For now, we study a sim-
ple one-way motion, and assume that when the particle
crosses the NBS once, it simply “disappears”. This will
allow us to estimate the dynamical friction on the per-
turber. This assumption is formally correct and accurate
for unbound motion. For bound oscillatory motion it is
not, and we work out the full case below, in Section III G.
Some quantities of interest are the spectral fluxes of en-
ergy and linear momentum radiated in these processes,
as well as the energy lost by the perturber. These are
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FIG. 4. Spectrum of radiation released when an object of
mass mp plunges through an NBS with initial velocity vR ≈ 0.
Emission takes place for frequencies ω > γ (see Eqs (87)-(88)).
Upper panel: lowest multipole contribution l = 0, 1, 2, 3 to the
total spectral flux of energy. Inset: multipole contributions
to the radiated kinetic energy of the scalar field. Lower panel:
spectral fluxes of linear momentum along z associated with
the lowest multipoles. The results obtained for other plunging
velocities are summarized in Eqs (113)-(116).
given, respectively, by Eqs. (87)-(88) and (91). The up-
per panel of Fig. 4 shows the contribution of the low-
est multipoles to the total energy spectrum dErad/dω
(dElost/dω in inset). This result was obtained through
the numerical evaluation of expressions (87)-(91) for a
perturber plunging into an NBS, starting the fall from
rest at R. The fluxes converge exponentially with in-
creasing values of l, after a sufficiently large l. Our re-
sults are compatible with Eradl ∝ e−l, where Eradl is the
l-mode contribution to the energy radiated. Once the be-
havior of Eradl for large l is known, one can find the total
energy radiated. For a particle plunging with zero initial
velocity into an NBS we obtain Erad ∼ 1.28m2p/MNBS
and Elost ∼ 0.18m2pMNBSµ2. Applying this procedure
to other velocities, we find that the following is a good
description of our results,
Erad = 29
m2p
MNBS
e−3.25/X
X17/4
(113)
Elost = 7m2pMNBSµ
2 e
−3.54 (X−0.05)−1
(X − 0.05)17/4
(114)
accurate to within 5% of error for 0 . vR . 2.5MNBSµ.
This interval spans over non-relativistic astrophysical rel-
FIG. 5. Total and kinetic energy, and linear momentum emit-
ted when an object of mass mp plunges through an NBS, as a
function of the initial perturber velocity. The dots correspond
to the numerical data used to obtain Eqs. (113)-(114)-(116).
evant velocities (e.g., 0 . vR[km/s] . 6000 for the DM
core of the Milky Way). Here,
X ≡ vR
MNBSµ
+ 0.68 . (115)
The lower panel of Fig. 4 shows the multipolar contri-
bution to the spectral flux of linear momentum along
z. The linear momentum radiated also converges ex-
ponentially in l, after a sufficiently large l. For a per-
turber starting at rest, the total linear momentum radi-
ated along z in the whole process is P rad ∼ −0.43m2pµ.
The fitting expression
P rad = −2.4m2pµ
e−2.26 (X−0.27)
−1
(X − 0.27)17/4
, (116)
is a good approximation to our results (within 5% of error
for 0 . vR . 2.5MNBSµ). Figure 5 shows how the total
radiated energy Erad, the total energy lost by the moving
perturber Elost, and the linear momentum radiated P rad
vary with the change of initial velocity.
The momentum lost by a small plunging object
(mpµ  vR) is given by P lost = −Elost/vR, as shown
in Eq. (33). We have thus computed, in a self-consistent
way, the dynamical friction acting upon a body moving
within a NBS. The quantity Elost is the actual kinetic
energy lost by the perturber as it crosses the NBS. Note
that, in accordance with the results for the energy lost –
in particular, its sign – this is indeed a friction; the body
will slow down. On the other hand, the results for the
energy lost together the radiated momentum show that
the NBS will acquire a small momentum in the direction
of the moving perturber, described by Eq. (93); note the
two lines crossing each other close to vR = MNBSµ in
Fig. 5.
Our results should be compared and contrasted with
those of Ref. [9, 78], where dynamical friction in these
structures was estimated without including self-gravity
(therefore not accounting for the size of the scalar struc-
ture either). In contrast to those of Ref. [9], our results
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are self-consistent, regular and finite at all velocities. In
Appendix E, we look at a simple toy model which indi-
cates that the discrepancy between these results may be
partially related with the trivial gravitational potential of
the background medium. A non-trivial gravitational po-
tential can confine small-frequency scalars, suppressing
efficiently scalar emission. Nevertheless, the self-gravity
of the scalar seems to help suppressing scalar emission for
small velocities. Thus, the above results are the first self-
consistent and accurate calculation of dynamical friction
caused by a self-gravitating scalar on passing objects.
G. A perturber oscillating at the center
As a black hole forms through gravitational collapse in
a DM core it can be “kicked”, via GW emission, and left
in an oscillatory motion around the center of the core.
The reason for the kick is that collapse is, in general, an
asymmetric process, and leads to emission of GWs which
carry some momentum. This process is known to lead
to velocities of at most a few hundred kilometers per
second [20], generally smaller than the galactic escape
velocity. Thus, the remnant BH is bound to the galaxy
and, in absence of dissipation, performs an oscillatory
motion.
It is crucial to understand how the DM core reacts to
this motion and to quantify the energy and momentum
radiated and deposited in the scalar field. Similar issues
were addressed in Ref. [79], in the context of the interac-
tion between a kicked supermassive black hole and stars
in galaxy cores.
At the center of a NBS the energy density is approxi-
mately constant ρE ' 4× 10−3M4NBSµ6. So, the motion
of the perturber is
zp(t) = −A sin (ωosct) ,
A ≡
√
3
4pi
v20
ρE
, ωosc ≡
√
4piρE
3
, (117)
where v0 is the velocity of the perturber at the center of
the core. The source is described by
P = mp
δ(ϕ)
r2 sin θ
× [δ (r − zp(t)) δ (θ) + δ (r + zp(t)) δ (θ − pi)] . (118)
Using Eq. (56) the function p reads
p =
mp
2
√
2pi
|τ ′1,n(r)|
r
Y 0l (0)δ
0
m
∑
n∈Z
[
e−iωτ1,n + e−iωτ2,n
+ (−1)n (eiωτ1,n + eiωτ2,n) ] , (119)
where we defined 15
τ1,n ≡ 1
ωosc
[
arcsin
( r
A
)
+ 2npi
]
,
τ2,n ≡ 1
ωosc
[
(2n+ 1)pi − arcsin
( r
A
)]
. (120)
In the last expressions we are using the principal branch
of the inverse sine function. It is easy to see that the
function p can be put in the form
p =
mp√
2pi
Y 0l (0)√A2 − r2
δ0m
ωosc
Θ (A− r)
×
∑
n∈Z
[
δevenl (cos [ωτ1,n(r)] + cos [ωτ2,n(r)])
− i δoddl (sin [ωτ1,n(r)] + sin [ωτ2,n(r)])
]
, (121)
Using the mathematical identities∑
n∈Z
sin
(
2npi
ω
ωosc
)
= 0 ,
∑
n∈Z
cos
(
2npi
ω
ωosc
)
= ωosc
∑
n∈Z
δ(ω − nωosc) ,
together with some trivial trigonometric identities, one
can rewrite (121) as
p = mp
√
2
pi
Y 0l (0)√A2 − r2 δ
0
m Θ (A− r)
∑
n∈Z
δ(ω − 2nωosc)
×
[
δevenl cos
(
2n arcsin
r
A
)
− i δoddl sin
(
2n arcsin
r
A
)]
.
With the help of the trigonometric identities
cos(2nx) =
n∑
k=0
(−1)k
(
2n
2k
)
sin2k x cos2(n−k) x ,
sin(2nx) =
n−1∑
k=0
(−1)k
(
2n
2k + 1
)
sin2k+1 x cos2(n−k)−1 x ,
the last expression can be written in the alternative form
p = mp
√
2
pi
Y 0l (0)δ
0
m Θ (A− r)
∑
n∈Z
1
A2n δ(ω − 2nωosc)
×
[
− i δoddl
n−1∑
k=0
(−1)k
(
2n
2k + 1
)
r2k+1
(A2 − r2)n−k−1
+ δevenl
n∑
k=0
(−1)k
(
2n
2k
)
r2k
(A2 − r2)n−k− 12 ] . (122)
15 The functions τ1,n(r) and τ2,n(r) are the roots of r+ zp(τ) = 0;
the symmetric functions −τ1,n(r) and −τ2,n(r) are the roots
of r − zp(τ) = 0.
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We want to calculate the energy radiated through
scalar waves due to the oscillatory motion of the mas-
sive object. First, note that the oscillation frequency is
ωosc ∼ 0.135M2NBSµ3 . γ. Only the modes with n ≥ 1
arrive at infinity; so, only these contribute to the en-
ergy radiated. Applying the formalism described in Sec-
tion III B, we obtain
Z∞1 = 4pi
∫ A
0
dr′F−14,6 (r
′)p(r′) ,
Z∞2 (ω, l, 0) = Z
∞
1 (−ω, l, 0)∗ . (123)
The energy radiated per unit of time is (see Eq. (19))
E˙rad =
2
pi
∑
l,n
(µ− γ + 2nωosc)
× Re
[√
2µ(2nωosc − γ)
]
|Z˜∞1 (2nωosc, l, 0)|2
' 2
pi
µ
∑
l,n
Re
[√
2µ(2nωosc − γ)
]
|Z˜∞1 (2nωosc, l, 0)|2 ,
(124)
where we used the low-energy limit γ  µ and ωosc  µ,
and defined
Z˜∞1 ≡ 4pi
∫ A
0
dr′F−14,6 (r
′)p˜(r′) ,
p˜ ≡ mp
√
2
pi
Y 0l (0)√A2 − r2
∑
n∈Z
[
δevenl cos
(
2n arcsin
r
A
)
− i δoddl sin
(
2n arcsin
r
A
)]
.
One can anticipate that the dominant contribution to
the radiation is given by the n = 1 mode, which has a
frequency ω = 2ωosc. This is the lowest frequency ra-
diated by the perturber and, thus, we expect it to be
the one carrying more energy, because the coupling be-
tween the perturber and the scalar is stronger for lower
frequencies – as will become evident in the following sec-
tions. Indeed, this is in accordance with our numerics.
So, we focus on the single n = 1 mode. For oscillations
deep inside the NBS with an amplitude A  R – which
is where our constant density approximation holds – we
find that the following semi-analytic expression is a good
description of our numerical results:
E˙rad =
2
√
2
pi
(mpµ)
2
√
2ωosc − γ
µ
∑
l
cl
(A
R
)2(l+1)
,
(125)
with the numerical constants cl. For the first multipoles
we find
c0 ' 0.852 , c1 ' 67.7 , c2 ' 30.4 ,
c3 ' 438 , c4 ' 13.6 , c5 ' 3.85 .
The above expression describes our numerics with less
than 1% of error for A/R . 0.09. These amplitudes
correspond to kicks of v0 . 0.1MNBSµ, which contains
astrophysical relevant velocities; for the Milky Way DM
core our expression covers v . 300 km/s, which contains
typical recoil velocities imparted by GW emission in grav-
itational collapse. Larger kicks, like the ones delivered in
a merger of two supermassive BHs, have larger ampli-
tudes and are out of our approximation. However, the
framework of Section III B (without the constant density
approximation) can still be applied to those cases.
Using the same reasoning that we applied to the or-
biting particles to deduce Eq. (103), we can estimate the
perturber’s energy loss per unit of time to be
E˙lost =
2
pi
∑
l,n
(2nωosc − γ)
× Re
[√
2µ(2nωosc − γ)
]
|Z˜∞1 (2nωosc, l, 0)|2 .
(126)
Considering the single (dominant) n = 1 mode, the nu-
merical evaluation of the last expression is well described
by the semi-analytic formula
E˙lost =
2
√
2
pi
(mpµ)
2
(
2ωosc − γ
µ
) 3
2 ∑
l
cl
(A
R
)2(l+1)
.
(127)
Again, this describes our numerics with less than 1% of
error for small amplitude oscillations A/R ≤ 0.09.
One may wonder how long it takes for a kicked BH (or
star) to settle down at the center of an halo purely due
to the dynamical friction caused by dark matter. When
the condition
E˙lost
(
2pi
ωosc
)
1
2mpω
2
oscA2
 1 (128)
is verified, the system is suited to an adiabatic approxi-
mation, and we can compute how the amplitude changes
with time by solving
mpω
2
oscAA˙ = −E˙lost . (129)
Several astrophysical systems fall within this approxima-
tion. For example, the Milky Way dark matter core has
a mass MNBSµ ∼ 10−2; so, for an object forming through
gravitational collapse and receiving a kick of 300 km/s,
via GW emission, the adiabatic approximation is suit-
able if mp/MNBS  0.1 – which is verified by all known
objects. Using only the dominant multipole l = 0 (which
accounts for more than 61% of the total energy loss
for A/R ≤ 0.09, and more than 89% for A/R ≤ 0.04)
we obtain
A = A0 e−t/τs , (130)
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with the timescale
τs ' 56
mpMNBSµ3
∼ 1010yr
(
10−22 eV
µ
)2(
105M
mp
)(
0.01
MNBSµ
)
. (131)
So, an object kicked at the center of a NBS, interacting
solely with the scalar, settles down in a timescale smaller
than the Hubble time if it has a mass mp & 105M; in
other words, if it is a supermassive BH.
The above timescale is in general much larger than the
period of oscillation,
τs ∼ MNBS
mp
(
2pi
ωosc
)
. (132)
This suggest that treating the source as eternal is indeed
a good approximation to study this process. It is interest-
ing to compare this result with the timescale of damping
due to dynamical friction caused by stars in the galactic
core. In Ref. [79] the authors estimate that timescale to
be
τ∗ ∼ 0.1 Mc
mp
(
2pi
ωosc
)
, (133)
where Mc is the galactic core mass. Using Mc = MNBS
we see that τ∗ ∼ 0.1 τs, which is smaller but still compa-
rable to τs. Both ours and Ref. [79] calculations are order
of magnitude estimates, but our result suggests that dark
matter may exert a dynamical friction comparable to the
one caused by stars for processes happening in galactic
cores.
H. Low-energy binaries within boson stars
We now focus on orbiting objects within such an NBS.
These will describe binaries, either at an early or late
stage in their life, stirring the field and producing dis-
turbances in the local DM profile. For example, looking
at the matter moments in Eq. (95), such systems can
describe stars orbiting around the SgrA∗ BH at the cen-
ter of the Milky Way. The supermassive BH has a mass
∼ 4×106M with known companions. The closest known
star, S2, has a pericenter distance of ∼ 2800MBH and a
mass mp ∼ 20M with a large uncertainty [80, 81]. Its
orbit is, however, highly eccentric. Given the mass and
sizes of the NBSs discussed here (i.e. which described
the core of DM haloes) all these systems can be handled
via perturbation techniques. In addition, binaries close
to supermassive BHs, and therefore to galactic centers,
have been observed recently via electromagnetic counter-
parts to GWs [82].
1. Scalar emission
Let us consider first an EMRI: a perturber of mass
mp orbiting a supermassive BH, of mass MBH  mp
FIG. 6. Logarithm of the universal rate of scalar
energy radiated by an EMRI orbiting inside an NBS:
log10
[
E˙radEMRI
(
m2pMNBSµ
3
)−1]
. The EMRI is described by
a supermassive BH of mass MBH sitting at the NBS center,
and a star or stellar-mass BH in a circular orbit around it.
Note that the maximum energy emitted is associated with
the smallest frequency (largest distance). This is due to os-
cillating background field which imparts an energy µ to any
wave. For a DM core with MNBS ∼ 1010M and mass ra-
tio mp/MBH ∼ 10−4, the orbital distances corresponding to
nonzero fluxes are in the range rorb . 106MBH. For larger
radii, the fluctuation has too low an energy and is confined
to the structure. This explains the zero-flux (black) region
on the left of the panel, corresponding to the suppression of
perturbations with frequency ω ≤ γ.
placed at the center of a NBS. Solving the perturbation
equations (57), with the source defined in Eq. (95), with
mp(1 + (−1)m) → mp, we find that, up to 3% accuracy,
the fluxes of energy (Eqs. (102)-(103)) are described by 16
E˙radEMRI = 10
−2m2pM
2/3
BHM
4
NBSµ
17/2ω
−11/6
orb Θ [ωorb − γ]×[
2.66− 0.49M4/3NBSµ2ω−2/3orb + 0.054M8/3NBSµ4ω−4/3orb
]
,(134)
E˙lostEMRI = 10
−2m2pM
2/3
BHM
4
NBSµ
15/2ω
−5/6
orb Θ [ωorb − γ]×[
2.70− 0.96M4/3NBSµ2ω−2/3orb + 0.043M8/3NBSµ4ω−4/3orb
]
.(135)
Equations (134)-(135) were evaluated assuming a non-
relativistic perturbation, therefore are valid for orbital
periods T = 2pi/ωorb  2pi/µ ∼ 10−22eV/µ yr. We show
in Fig. 6 the flux of energy (Erad) as a function of the
orbital period and of the BH-NBS mass ratio. Once the
orbital frequency is fixed, our results are consistent with
exponential convergence in l for the flux.
The calculation above is easy to adapt to other sys-
tems. Consider an equal mass binary system (M = 2mp).
Looking at the matter moments in Eq. (95), it is clear
16 Notice that in principle, the emission would starts for frequency
larger than
(
γm−1
)
. However, since the emission in multipoles
higher than the dipole is suppressed by roughly factor 103, we
consider only l = 1 in (134).
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that the first multipole moment that is going to be emit-
ted is the quadrupole m = 2. As a result of solving the
perturbation equations, we find the following expression
for the energy emitted in scalar waves, and the one lost
by the orbiting particle (up to 3% of accuracy)
E˙rad = 10−2M4/3m2pM
4
NBSµ
19/2ω
−13/6
orb Θ [2ωorb − γ][
1.45− 0.16M4/3NBSµ2ω−2/3orb + 0.015M8/3NBSµ4ω−4/3orb
]
,(136)
E˙lost = 10−2M4/3m2pM
4
NBSµ
17/2ω
−7/6
orb Θ [2ωorb − γ][
2.97− 0.58M4/3NBSµ2ω−2/3orb + 0.0051M8/3NBSµ4ω−4/3orb
]
.(137)
The expression above is valid both for solar mass BHs as
well as for BH masses of the order ∼ 104M.
In the limit of an high-frequency (ωorb  γ, µU0), but
still non-relativistic (ωorb  µ) excitation, the relevant
equations (53)-(54) can be solved analytically in closed
form, noticing that |Ψ0δΨ|  |δU |. Equation (54) there-
fore reduces simply to
∇2δU = 4piP , (138)
which has the solution
δU =
2√
2pi
∑
l,m
u(r)
r
Y ml (θ, 0)e
−im(ωorbt−ϕ) , (139)
with
u = − (2pi)3/2mp [1 + (−1)m]
Y ml
(
pi
2 , 0
)
2l + 1
×
[(
r
rorb
)−l
Θ(r − rorb) +
(
r
rorb
)l+1
Θ(rorb − r)
]
.
Then, using the decomposition
δΨ =
2√
2pi
∑
l,m
Z(r)
r
Y ml (θ, 0)e
−im(ωorbt−ϕ) , (140)
equation (53) becomes
∂2rZ +
(
2µmωorb − l(l + 1)
r2
)
Z = 2µ2Ψ0u . (141)
Using the method of variation of parameters, one can
solve the last equation imposing the Sommerfeld radi-
ation condition at large distances and regularity at the
origin. The obtained solution is, at large distances,
Z(r →∞) = ipiµ2Z∞(r →∞)
∫ ∞
0
dr′Z0Ψ0u , (142)
where Z0 and Z∞ are homogeneous solutions satisfying,
respectively, regularity at the origin and the Sommerfeld
radiation condition at large distances, and are given by
Z0 =
√
r Jl+1/2
(√
2µmωorbr
)
, (143)
Z∞ =
√
rH
(1)
l+1/2
(√
2µmωorbr
)
, (144)
with Jν(x), H
(1)
ν (x) Bessel and Hankel functions [83]. Us-
ing the asymptotic form
Z∞(r →∞) ' (−i)l+1
√
2
pi
ei
√
2µmωorb r
(2µmωorb)
1/4
, (145)
and assuming that rorb  R, and ωorb/µ  (rorbµ)−2,
the integration in (142) converges a few wavelengths from
the binary and gives
Z(r →∞) ' −(−i)l (2pi)2 µ2mpΨ0(0)rlorb
× [1 + (−1)m] 2
− l2− 32 ei
√
2µmωorb r
(µmωorb)
1− l2
Y ml
(
pi
2 , 0
)
Γ
(
l + 32
) . (146)
So, the dominant l = m modes give the scalar perturba-
tion
δΨ(r →∞) ' −8pi 32µ2mpΨ0(0)
+∞∑
m=1
(−i)m [1 + (−1)m]
× Y
m
l
(
pi
2 , 0
)
Γ
(
m+ 32
) (µm)m2 −1(Mωorb)m3
22+
m
2 ω
(1+m2 )
orb
ei
√
2µmωorb r , (147)
where we have used Kepler’s law r3orb = M/ω
2
orb. Then,
the flux of energy is given by
E˙rad = −r2 lim
r→∞
∫
dθdϕ sin θ TStr
= 0.28pi3 (µmp)
2
(µMNBS)
4
+∞∑
m=1
[1 + (−1)m]2
×
(
1 +
mωorb
µ
)(
Y mm
(
pi
2 , 0
)
Γ
(
m+ 32
) m(m2 − 34 )(Mωorb)m3
2(
7
4+
m
2 )(ωorb/µ)
( 34+
m
2 )
)2
.
(148)
The last expression can be further simplified us-
ing (1 +mωorb/µ) ' 1, since we are considering low-
energy excitations of the scalar field. The same reasoning
that we used to derive (103) can be applied here to find
that the binary loses energy at a rate
E˙lost ' 0.28pi3 (µmp)2 (µMNBS)4
+∞∑
m=1
[1 + (−1)m]2
×
(
Y mm
(
pi
2 , 0
)
Γ
(
m+ 32
) m(m2 − 14 )(Mωorb)m3
2(
7
4+
m
2 )(ωorb/µ)
( 14+
m
2 )
)2
. (149)
These analytic results are in excellent agreement with
our numerics for both EMRIs (Eq. (134)) and equal mass
binaries (Eqs. (136)): the leading terms agrees with the
numerical within 4%. Such agreement is a cross-check
both on our numerical routine and our simple analytical
description.
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2. Comparison with gravitational wave emission
In vacuum, the orbit of a binary system shrinks in time,
due to the emission of GWs. At leading order, loss via
GWs is described by the quadrupole formula [84]-[85],
E˙GW =
32
5
η2 (Mωorb)
10/3
, (150)
where η = m1m2/(m1+m2)
2 is the symmetric mass ratio
of a binary of component masses m1,m2 and total mass
M = m1 +m2. To estimate the flux of energy emitted in
the scalar channel, we consider the orbit to be circular,
with the radius equal to the semi-major axis (∼ 970 au)
of the S2 star. The NBS scalar provides an extra channel
for energy loss. For EMRIs (mp = ηM and MBH = M),
combining together Eqs. (135)-(150) we get 17
E˙lost
E˙GW
' 10−3
[
MNBS
1010M
]4 [
106M
M
]2/3 [
T
16yr
]31/6
×
[ µ
10−22eV
]17/2
, (151)
where we normalized to the typical values for the EMRI
composed by Sagittarius A∗ and S2 star, surrounded by
a DM halo.
The energy balance equation imposes that the loss in
the orbital energy of the binary is due to the energy car-
ried away by scalar and gravitational waves [86, 87]
dEorb
dt
= −
(
E˙lost + E˙GW
)
. (152)
Thus, energy loss leads to a secular change in orbital
period
T˙ ' −192pi (2pi)
5/3
ηM5/3
5T 5/3
− 5ηMM
4
NBST
5/2
103µ−15/2
.
It is amusing to estimate such secular change for astro-
physical parameters similar to those of S2 star orbiting
around SgrA∗,
T˙ ' − 2.42
1015
[
M
106M
]2/3 [
T
16yr
]−5/3 [
mp
20M
]
− 4
1017
[
MNBSµ
0.01
]4 [ µ
10−22eV
]7/2 [ T
16yr
]5/2 [
mp
20M
]
,
which seems hopelessly small.
The period change for equal-mass binary systems fol-
lows through, and is
T˙ = −192pi (2pi)
5/3
M5/3
20T 5/3
− 3.1M
4
NBSmpM
2/3T 17/6
103µ−17/2
.
17 Since the total scalar field mass contained in a sphere of radius
rorb  R is negligible with respect to the mass of the central
BH MNBS(rorb)/M ∼ 10−10, we can consider that the entire
GW flux emitted is due to the quadrupole moment of the binary
alone, neglecting the gravitational field of the DM halo.
3. Backreaction and scalar depletion
One cause for concern is that our calculation assumes
a fixed scalar field background Ψ0, but as the binary
evolves scalar radiation is depleting the NBS of scalar
surrounding the binary. Assume, conservatively, that the
flux above is only removing scalar field within a sphere
of radius ∼ 10 ` centred at the binary, with the radiation
wavelength ` = 2pi/ωorb. Then the timescale for total
depletion of the scalar in the sphere is
τ ∼ ρR
3
E˙rad
∼ 1024 yr
[
10−2
µMNBS
]2/3 [
104
χ
]2/3 [
20M
mp
]2
×
[
10−22eV
µ
]11/6 [
T
16yr
]7/6
, (153)
that is much larger than the Hubble timescale. A similar
value can be found for equal mass binary systems. Thus,
our results seem to indicate that the background config-
uration remains unaffected by the emission of scalars by
low frequency binaries.
I. High-energy binaries within boson stars
1. Scalar emission close to coalescence
We now wish to focus on rapidly moving binaries, such
as those suitable for LIGO or LISA sources. In such a
situation, the non-relativistic regime is not appropriate.
Instead, one can show that the relevant description of
these systems, for which the frequencies involved ωorb 
µ, is accounted for by a slight modification of the previous
equations, cf. Appendix A for details
∇2δU = 4piP ,
−∂2t δΦ +∇2δΦ = 2µ2Φ δU . (154)
We consider two equal-mass point particles, each of
mass mp, on a circular motion of orbital frequency ωorb
and radius rorb. We can solve the Poisson equation first,
using a multipolar decomposition. We find
U =
∑
lm
ulm
r
Y ml (θ, 0)e
im(φ−φ0) , (155)
ulm = −4pimp (1 + (−1)
m) Y ml (pi/2, 0)
2l + 1
r−l−1orb
× [r2l+1orb r−lΘ(r − rorb) + rl+1Θ(rorb − r)] . (156)
Here φ0 = ωorbt is the azimuthal location of one particle;
the other is at φ0 + pi. If the factor mp (1 + (−1)m) is
replaced by mp this same source describes a single point
particle of mass mp. We now perform a Fourier transform
and a multipolar decomposition of the scalar to solve
Eq. (154):
δΦ =
1√
2pi
∑
l,m
∫
dω
δψ(ω, r)
r
e−i(ω+Ω)tY ml . (157)
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FIG. 7. Scalar field emission from a high energy, equal-mass
binary describing a circular orbit of radius rorb, evolving in-
side an NBS. The axis are the normalized x/rorb, y/rorb re-
spectively, and each frame represents an equatorial slice of
the scalar field perturbation 1017Re [δΦ], induced by a binary
orbiting in the equatorial plane. In the upper-left panel, par-
ticles are at (x1, y1) = (rorb, 0), (x2, y2) = (−rorb, 0). Moving
clockwise in the panels, the system evolves for an eighth of a
period between each, the binary moving anti-clockwise. The
binary components have the same mass, (mp ∼ 106M) and
they are orbiting inside an NBS of mass MNBSµ ∼ 0.01 with
a period of ∼ 1 day.
We find the following ODE for δψ:
δψ′′ +
(
(Ω + ω)2 − l(l + 1)
r2
)
δψ =
√
8piµ2Ψ0 u˜lm ,
where u˜lm = ulmδ (ω −mωorb). Here primes stand for
radial derivatives. We can now solve this using variation
of constants, requiring outgoing waves at large distances
and regularity at the origin. The solution is
δψ = δψ∞
∫ r
0
2
√
2piµ2Ψ0 δψH u˜lm
iω
+ δψH
∫ ∞
r
2
√
2piµ2Ψ0 δψ∞ u˜lm
iω
, (158)
where ω = mωorb and δψH,∞ are homogeneous solutions,
δψH =
√
piωr
2
Jl+1/2(ωr) , (159)
δψ∞ =
√
piωr
2
(
Jl+1/2(ωr) + iYl+1/2(ωr)
)
. (160)
The time domain response of the NBS to the perturba-
tions induced by a binary BH system is found solving
Eq. (158) and (157). Four snapshots of one period, for
two equal mass BHs are shown in Fig. 7.
A binary deep inside the NBS (rorb  R) and with
large orbital frequency (ωorb  1/rorb) generates a field
at large distances that is independent on the size of the
NBS: the integration converges a few wavelengths away
from the binary. We find the following simple result for
the dominant l = m modes:
δψ(r →∞) = i
√
2pimp (1 + (−1)m) Ψ0pi3/2 22−mmm−2
×Y
m
m (pi/2, 0)
Γ[m+ 3/2]
µ2
ω2orb
(Mωorb)
m/3 eiωr . (161)
Here, M = 2mp for the equal-mass binary. If we sub-
stitute mp (1 + (−1)m)→ mp, these results also describe
an EMRI, where a single particle of mass mp is revolv-
ing around a massive BH of mass M (note the crucial
difference that l = m = 1 modes are radiated for EM-
RIs, whereas only even modes are emitted for equal-mass
binaries). The flux is given by
E˙rad = −r2 lim
r→∞
∫
dθdϕ sin θ δTStr
= 128pi3(µ2mpΨ0(0))
2 (1 + (−1)m)2
×
+∞∑
m=1
(
Y mm (pi/2, 0)
Γ(m+ 3/2)
mm−1(Mωorb)m/3
2m+1 ωorb
)2
. (162)
Since we are considering high-energy excitations of the
scalar (ωorb  µ) it is easy to see that the rate of change
of the NBS energy E˙NBS is much smaller than E˙
rad; 18 so,
conservation of energy (as expressed in Eq. (29)) implies
that E˙lost ' E˙rad.
2. The phase dependence in vacuum and beyond
In vacuum GR, the dynamics of a binary is governed
by the energy balance equation (152), together with the
quadrupole formula (150). This implies that the orbital
energy of the system Eorb = −M2η/(2rorb) must de-
crease at a rate fixed by such loss. This defines im-
mediately the time-dependence of the GW frequency to
be f−8/3 = (8pi)8/3M5/3(t0− t)/5, whereM is the chirp
mass and f = ωorb/pi. Once the frequency evolution is
known, the GW phase simply reads
ϕ(t) = 2
∫ t
Ω(t′)dt′ . (163)
To take into account dissipative losses via the scalar
channel, we add to the quadrupole formula the energy
18 Note that, at leading order,
E˙NBS = µ Q˙NBS = −r2 lim
r→∞
∫
dθdϕ sin θ δjr .
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flux (162). In Fourier domain one can write the gauge-
invariant metric fluctuations as
h+(t) = A+(tret) cosϕ(tret) , (164)
h×(t) = A×(tret) sinϕ(tret) , (165)
where tret is the retarded time. The Fourier-transformed
quantities are
h˜+ = A+eiΥ+ , h˜× = A×eiΥ× . (166)
Dissipative effects are included within the stationary
phase approximation, where the secular time evolution
is governed by the GW emission [88]. In Fourier space,
we decompose the phase of the GW signal h˜(f) = AeiΥ(f)
as:
Υ(f) = Υ
(0)
GR[1 + (PN corrections) + δΥ] . (167)
where Υ
(0)
GR = 3/128(Mpif)−5/3 represents the leading
term of the phase’s post-Newtonian expansion, and f =
ωorb/pi. We find the following dominant correction due
to the background scalar,
δΥ =
16µ4Ψ20
51pi3f4
∼ 10−24
[ µ
10−22 eV
]4 [10−4Hz
f
]4 [
MNBSµ
0.01
]4
for equal-mass binaries. Such a correction corresponds
to a −6 PN order correction [89]. The smallness of the
coefficient makes it hopeless to detect with space-based
detector LISA [90]. Note that pulsar timing arrays oper-
ate at lower frequencies [4], and the previous Newtonian
non-relativistic analysis is necessary.
3. Backreaction and scalar depletion
During the evolution, the binary emits scalar radiation
away from the NBS. Assuming, again, that the flux above
is only removing scalar field within a sphere of radius ∼
10 ` centred at the binary, with the radiation wavelength
` = 2pi/ωorb. Then the timescale for total depletion of
the scalar is
τ ∼ 2×1011 yr
(
0.1
mpωorb
)7/3(
10−2
µMNBS
)2 ( χ
104
)2 mp
106M
,
larger than a Hubble timescale, even for binaries close to
coalescence. Thus, our results seem to describe emission
of scalars during the entire lifetime of a compact binary.
IV. SCALAR Q-BALLS
We will now generalize the previous calculations to
Q-balls, where gravity is absent but for which self-
interactions are necessary.
FIG. 8. Three radial profiles Ψ(r)/Φc obtained through nu-
merical integration of Eq. (170) with appropriate boundary
conditions (Ψ(∞) → 0 and ∂rΨ(0) = 0). Each curve corre-
sponds to a different Q-ball.
A. Background configurations
The field equation for Φ is obtained through the vari-
ation of action (3) with respect to Φ∗ and reads
∇µ∂µΦ− 2 dUQ
d|Φ|2 Φ = 0 , (168)
where we used gµν = ηµν and the potential UQ defined
in Eq.(10). We now look for localized solutions of this
model with the form (8) – the so-called Q-balls. This
ansatz yields the radial equation
∂2rΨ +
2
r
∂rΨ +
[
Ω2 − 2 dUQ
d|Φ|2
]
Ψ = 0 . (169)
For the class of nonlinear potentials (10), the last equa-
tion becomes
∂2rΨ +
2
r
∂rΨ +
[
Ω2 − µ2
(
1− Ψ
2
Φ2c
)(
1− 3Ψ
2
Φ2c
)]
Ψ = 0 .
(170)
According to the results of Ref. [17], there exist stable
Q-ball solutions for any 0 < Ω < µ, independently of the
free parameter Φc. Additionally, it is known that, in the
limit Ω/µ 1, the radial function Ψ mimics an Heaviside
step function (the so-called thin-wall Q-ball) [17, 91, 92].
On the other hand, in the regime Ω/µ ∼ 1, the function Ψ
starts to fall earlier and drops very slowly (thick-wall Q-
ball) [91, 92]. In particular, using the results of Ref. [92]
one can show that, in the thin-wall limit,
Ψ(r) ' Φc
[
1 +
(
Ω
2µ
)2]
Θ
( µ
Ω2
− r
)
. (171)
Notice that the Q-ball radius is approximately given by
RQ ' µ/Ω2.
A few examples of radial profiles Ψ(r) constructed nu-
merically from Eq. (170) are shown in Fig. 8. From these
results it is already evident that, when Ω/µ → 0, the
scalar does acquire a Heaviside-type profile. In such a
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FIG. 9. Numerical results for the dependence of the Q-ball
radius RQµ on the internal frequency Ω/µ, obtained through
direct integration of Eq. (170). The dashed line is the thin-
wall limit prediction, Eq. (171). A fit on the numerical results
gives RQ ∼ 1.08µΩ−2, within 2% of error, showing a good
accordance with the predicted behaviour, Eq. (171).
limit the scalar drops to zero on the outside, on a length-
cale ∼ 1/µ. These results also indicate that the radius
of the Q-ball grows when Ω/µ → 0. This is made more
explicit in Fig. 9, showing the numerical results for the
dependence of the Q-ball radius RQ
19 on the frequency
Ω. The dashed line, corresponding to the thin-wall limit
(171), agrees remarkably well with the numerics.
The Q-ball charge Q and mass MQ are obtained
through (5) and (7), respectively, and read
Q = 4piΩ
∫
dr r2Ψ2(r) , (172)
MQ =
1
2
QΩ + 4pi
∫
dr r2
(
(∂rΨ)
2
2
+ U(Ψ2)
)
. (173)
For thin-wall Q-balls these become
Q =
4pi
3
Ω4
µ6
Ψ2c , (174)
MQ =
2pi
3
Ω5
µ6
Ψ2c . (175)
We are using a flat background spacetime, which requires
that MQ/RQ  1. In the thin-wall limit, this corre-
sponds to
Ω/µ Ψ−2/7c . (176)
B. Small perturbations
We now wish to understand the effect of a small per-
turbation on such Q-ball configurations. They can be
considered either as sourceless small deformations of the
19 We define the Q-ball radius RQ to be such that
Ψ(RQ)
Ψ(0)
= 1/2.
background, or sourced by an external particle. Such
perturber could be another Q-ball or simply some charge,
piercing the Q-ball or orbiting around it. In the follow-
ing, the external probe is modelled as pointlike, which
means that our results are valid only for objects whose
spatial extent are  RQ. We consider an interaction
between the perturber and the Q-ball described by the
action
Sint ≡ −
∫
d4x
√−gRe (Φ)Tp , (177)
with Tp ≡ gµνTµνp being the trace of the particle’s stress-
energy tensor defined in Eq. (12). This coupling allows
for equations of motion that are simultaneously simple
enough to be handled via our perturbation scheme, de-
scribed in Sec. II, and it shows interesting dynamical fea-
tures, as we shall see later. In the present analysis, we
neglect the backreaction on the particle motion, there-
fore, the particle’s world line xµp (τ) is considered to be
known.
An external particle sources a scalar field fluctuation
of the form (11) in the Q-ball background, which satisfies
the linearized equation
−∂2t δΨ +∇2δΨ +
[
Ω2 − µ2
(
1− 8Ψ
2
Φ2c
+ 9
Ψ4
Φ4c
)]
δΨ
+2iΩ∂tδΨ + 2µ
2 Ψ
2
Φ2c
(
2− 3Ψ
2
Φ2c
)
δΨ∗ = TpeiΩt , (178)
and its complex conjugate. The sourceless case, corre-
sponding to small Q-ball deformations, is simply recov-
ered by setting Tp = 0. Decomposing the particle stress-
energy trace as
Tpe
iΩt =
∑
l,m
∫
dω√
2pir
×
[
Tωlm1 Y
m
l e
−iωt +
(
Tωlm2
)∗
(Y ml )
∗
eiωt
]
,(179)
where Tωlm1 and T
ωlm
2 are radial complex-functions de-
fined by ,
Tωlm1 ≡
r
2
√
2pi
∫
dtdθdϕ sin θ Tpe
i(ω+Ω)t (Y ml )
∗
, (180)
Tωlm2 ≡
r
2
√
2pi
∫
dtdθdϕ sin θ Tpe
i(ω−Ω)t (Y ml )
∗
. (181)
Plugging the decompositions (13) and (179) in Eq. (178),
one obtains the matrix equation 20
∂rZ − VQ(r)Z = T , (182)
20 The symmetry of this system implies that the radial functions
satisfy Z2(ω, l; r) = Z1(−ω, l; r)∗. The functions Z1 and Z2 are
clearly independent of the azimuthal number m.
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where the vector Z ≡ (Z1, Z2, ∂rZ1, ∂rZ2)T , the matrix
VQ is given by
VQ ≡

0 0 1 0
0 0 0 1
Vs − (ω + Ω)2 Vc 0 0
Vc Vs − (ω − Ω)2 0 0
 ,
and we defined the radial potentials
Vs(r) ≡ l(l + 1)
r2
+ µ2
(
1− 8Ψ
2
0
Φ2c
+ 9
Ψ40
Φ4c
)
, (183)
Vc(r) ≡ −2µ2 Ψ
2
0
Φ2c
(
2− 3Ψ
2
0
Φ2c
)
. (184)
and the source term21
T (r) ≡ (0, 0, T1, T2)T . (185)
To solve the small perturbations problem, either in the
sourced or sourceless case, we need to establish suitable
boundary conditions. We require regular solutions at the
origin,
Z(r → 0) ∼ (arl+1, brl+1, a(l + 1)rl, b(l + 1)rl)T ,
with (complex) constants a and b, and satisfying the
Sommerfeld radiation condition at infinity
Z(r →∞) ∼(
Z∞1 e
ik1r, Z∞2 e
ik2r, ik1Z
∞
1 e
ik1r, ik2Z
∞
2 e
ik2r
)
,(186)
with
k1 ≡ 1
√
(ω + Ω)
2 − µ2 , (187)
k2 ≡ 2
(√
(ω − Ω)2 − µ2
)∗
. (188)
where we are using the principal complex square root.
Consider then the set of independent solutions
{Z(1),Z(2),Z(3),Z(4)} uniquely determined by
Z(1)(r → 0) ∼
(
rl+1, 0, (l + 1)rl, 0
)T
,
Z(2)(r → 0) ∼
(
0, rl+1, 0, (l + 1)rl
)T
,
Z(3)(r →∞) ∼
(
eik1r, 0, ik1e
ik1r, 0
)T
,
Z(4)(r →∞) ∼
(
0, eik2r, 0, ik2e
ik2r
)T
. (189)
The 4 × 4 matrix F (r) ≡ (Z(1),Z(2),Z(3),Z(4)) is the
fundamental matrix of the system (182). As shown in
Appendix B, for a system of the form (182), the deter-
minant det(F ) is independent of r.
21 Again, to simplify the notation, we omit the labels ω, l and m
in the functions Tωlm1 and T
ωlm
2 .
1. Sourceless perturbations
Free oscillations of Q-ball configurations are regular
scalar fluctuations satisfying the Sommerfeld radiation
condition at infinity. They correspond to scalar pertur-
bations of the form
δΨ =
1√
2pir
[
Z1Y
m
l e
−iωt + Z∗2 (Y
m
l )
∗
eiω
∗t
]
, (190)
where Z1 and Z2 are solutions of system (182), with
T = 0. For complex-valued ω, the free oscillations are
QNMs. For a real ω, these are termed normal modes. No-
tice that for the discrete set {ωQNM} of QNM frequencies,
the solutions {Z(1),Z(2),Z(3),Z(4)} are not linearly in-
dependent. In fact, it is easy to see that the condition
det(F ) = 0 holds if and only if ω is a QNM frequency
(i.e., ω ∈ {ωQNM}).
2. External perturbers
Let us turn now to the perturbations induced by an
external particle, whose interacting with the background
scalar field. How is such a body exciting the Q-ball, how
much radiation does the interaction give rise to, what
backreaction does the Q-ball exert on the perturber?
These are all questions that can be raised in this con-
text, and that we wish to answer. As an interesting toy
model, in Appendix. F, we study how the scalar field
inside a spherical box is excited by a particle in circu-
lar orbital motion. This simple setup, akin to resonant
harmonic oscillators, illustrates how a charged particle in
circular motion can excite the proper modes of oscillation
of a box filled with scalar field.
To obtain physical observable quantities one needs to
find the solutions of system (182) that are regular at the
origin and satisfy the Sommerfeld condition at infinity.
These can be obtained through the method of variation
of parameters
Z1(r) =
4∑
k=3
[
2∑
n=1
F1,n(r)
∫ r
∞
dr′F−1n,k(r
′)Tk(r′)
+
4∑
n=3
F1,n(r)
∫ r
0
dr′F−1n,k(r
′)Tk(r′)
]
, (191)
Z2(r) =
4∑
k=3
[
2∑
n=1
F2,n(r)
∫ r
∞
dr′F−1n,k(r
′)Tk(r′)
+
4∑
n=3
F2,n(r)
∫ r
0
dr′F−1n,k(r
′)Tk(r′)
]
. (192)
The total energy, linear and angular momenta radiated
during a given process can be found using solely the am-
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plitudes Z∞1 and Z
∞
2 . These are given by
Z∞1 =
4∑
k=3
∫ ∞
0
dr′F−13,k (r
′)Tk(r′) , (193)
Z∞2 =
4∑
k=3
∫ ∞
0
dr′F−14,k (r
′)Tk(r′) . (194)
Let us now apply our framework to two physically rele-
vant setups: a particle plunging into a Q-ball configura-
tion, and a particle in a circular orbit around the Q-ball.
Plunging particle. Consider a particle moving at a
constant velocity v = −vez (with v > 0), plunging into
a Q-ball, and crossing its center at t = 0. In this case,
the trace of the particle’s stress-energy tensor reads
Tp =− [δ (r + vt) δ (θ) Θ(−t) + δ (r − vt) δ (θ − pi) Θ(t)]
×mp δ(ϕ)
√
1− v2/(r2 sin θ) . (195)
Therefore, the source decompositions in Eqs. (180)-(181)
read as
T1 =−
[
cos ((ω + Ω)r/v) δevenl − i sin ((ω + Ω)r/v) δoddl
]
×mp Y 0l (0, 0)δ0m
√
1− v2/(
√
2pirv) , (196)
T2 =−
[
cos ((ω − Ω)r/v) δevenl − i sin ((ω − Ω)r/v) δoddl
]
×mp Y 0l (0, 0)δ0m
√
1− v2/(
√
2pirv) . (197)
These satisfy the property
T2(ω, l, 0; r) = T1(−ω, l, 0; r)∗ . (198)
Thus, due to the form of the system (182), one has
Z2(ω, l, 0; r) = Z1(−ω, l, 0; r)∗ , (199)
Z∞2 (ω, l, 0) = Z
∞
1 (−ω, l, 0)∗ . (200)
Finally, the spectral fluxes (18), (21) and (23) become,
respectively,
dErad
dω
= 4 |ω + Ω|
× Re
[√
(ω + Ω)2 − µ2
]∑
l
|Z∞1 (ω, l, 0)|2 , (201)
dP radz
dω
=
∑
l
8(l + 1)Θ
[
(ω + Ω)
2 − µ2
] ∣∣(ω + Ω)2 − µ2∣∣√
(2l + 1)(2l + 3)
× Re [Z∞1 (ω, l, 0)Z∞1 (ω, l + 1, 0)∗] , (202)
dLradz
dω
= 0 . (203)
Orbiting particle The next setup is composed by a
particle describing a circular orbit of radius rorb and an-
gular frequency ωorb inside a Q-ball and in its equatorial
plane. The trace of the particle’s stress-energy tensor is
Tp = − mp
r2orb
√
1− (ωorbrorb)2
× δ(r − rorb)δ
(
θ − pi
2
)
δ(ϕ− ωorbt) , (204)
which implies
T1,2 = −mp
√
pi/2Y ml (pi/2, 0)
√
1− (ωorbrorb)2/rorb
× δ (r − rorb) δ (ω ± Ω−mωorb) . (205)
Notice that T2(ω, l,m) = (−1)mT1(−ω, l,−m), hence
due to the form of system (182), we have
Z2(ω, l,m; r) = (−1)mZ1(−ω, l,−m; r)∗ , (206)
Z∞2 (ω, l,m) = (−1)mZ∞1 (−ω, l,−m)∗ . (207)
Then, the emission rate expressions (19) and (24) imply,
omitting the arguments (ω, l,m),
E˙rad =
2
pi
∫
dω |ω + Ω|Re
[√
(ω + Ω)2 − µ2
]∑
l,m
|Z∞1 |2 ,
L˙radz =
2
pi
∫
dω 1(ω)Re
[√
(ω + Ω)2 − µ2
]∑
l,m
m |Z∞1 |2 .
where we remind that 1 ≡ sign(ω + Ω + µ). Re-writing
expression (205) in the form
T1,2 = T˜ (ωorb, rorb) δ (r − rorb) δ (ω ± Ω−mωorb) ,
(208)
the previous expressions for the rate of emission read
E˙rad =
2
pi
∑
l,m
T˜ 2
[
a1
∣∣F−13,3 (mωorb − Ω; rorb)∣∣2
+a2
∣∣F−13,4 (mωorb + Ω; rorb)∣∣2 ] , (209)
L˙radz =
2
pi
∑
l,m
mT˜ 2
[
1a1
∣∣F−13,3 (mωorb − Ω; rorb)∣∣2
+1a2
∣∣F−13,4 (mωorb + Ω; rorb)∣∣2 ] . (210)
where
a1 = |mωorb|Re
[√
(mωorb)
2 − µ2
]
,
a2 = |mωorb + 2Ω|Re
[√
(mωorb + 2Ω)
2 − µ2
]
. (211)
C. Free oscillations
The numerical search for QNM frequencies for Q-balls
is summarized in Table II, for the particular configuration
with Ω = 0.3µ. Whenever ωQNM are pure real numbers,
they refer to normal modes of the object. For a mode to
be normal, it must not be dissipated to infinity, hence the
condition ω < µ−Ω is necessary, which also implies that
such modes are screened from far-away observers, by the
Q-ball background itself. This means that perturbations
associated with the real-valued frequencies in Table II do
not reach spatial infinity. Such modes are the analogs
of the NBS modes, which were all normal (cf. Table I).
Q-balls, in addition to such modes also have quasinormal
modes, which decay in time since they are sufficiently
large energy to propagate at large distances.
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l ωQNM/µ
0 0.439 0.689 0.931− 1.2× 10−4i 1.153− 1.6× 10−2i
1 0.300 0.555 0.806− 9.8× 10−4i 1.04− 3.3× 10−3i
TABLE II. Some QNM frequencies of a Q-ball configuration with Ω/µ = 0.3, for l = {0, 1, 2}. Note that the first column
corresponds to normal modes, with ω < µ, hence screened from distant observers: they are confined to a spatial extent ∼ RQ,
the radius of the Q-ball (these modes are the counterpart of the NBS modes in Table I). There is an infinity of QNM frequencies,
parametrized by an integer overtone index n. At large n, Re (ωQNM) ∼ 0.22n ∼ pin/RQ, as might be anticipated by a WKB
analysis. Our results for the imaginary part of ωQNM carry a large uncertainty, and should be taken as order of magnitude
estimate only.
D. Particles plunging into Q-balls
FIG. 10. Energy spectra of scalar radiation emitted when
a particle of rest-mass mp plunges through a Q-ball with
Ω = 0.3µ with a large velocity v = 0.8c. The spectrum
was decomposed into multipoles (cf. Eq. (201)). The sharp
peaks correspond to the excitation of QNM frequencies ωQNM
(see Tab. II).
FIG. 11. Linear momentum radiated when a particle plunges
through a Q-ball (described by Ω = 0.3µ) with a velocity
v = 0.8. Different lines correspond to the different multipolar
cross terms in Eq. (202).
For concreteness, here we restrict the discussion to a
large-velocity plunge v = 0.8c. The multipolar energy
spectrum dEradl /dω of radiation released during such pro-
cess is shown in Fig. 10 for the first lowest multipoles, ob-
tained through numerical evaluation of Eq. (201). Just
like a hammer hitting a bell excites its characteristic vi-
bration modes, the effect of a plunging particle is to ex-
cite the QNMs of a Q-ball. Figure 10 illustrates this fea-
ture very clearly, the peaks in the energy spectrum are
all coincident with the QNMs, some of them identified
in Table II. This feature was absent in the dynamics of
NBS, simply because the modes of NBS (Table I) are all
normal and confined to the NBS itself: they do not prop-
agate to large distances. Most of the radiation is dipo-
lar, also apparent in Fig. 10, but a substantial amount
is emitted in other multipoles as well. For example, the
l = 4 mode still carries roughly 10% of the total radiated
energy. Our results are compatible with an exponential
suppression at large l, of the form Eradl ∼ 0.085e−0.39l.
We can use this to sum over multipoles, and find the total
energy radiated,
Erad ∼ 0.188m2p µ . (212)
The emitted radiation carries momentum, which is
caused by an interference term between multipoles (cf.
Eq. (202)). For radiation entirely emitted in one single
direction, the linear momentum P rad = Erad/c. How-
ever, this is in general only a (poor) upper bound on the
radiated linear momentum, as a number of multipoles
are involved in the process. Figure 11 shows the contri-
bution of the modes l ≤ 4 to the spectral flux of linear
momentum dP radz /dω, obtained through numerical eval-
uation of (202). Again, most of the contribution comes
from the excitation of the Q-ball’s QNMs. Note the in-
teresting aspect that in some frequency ranges and for
some interference terms, the momentum is positive, i.e.,
along the direction of the motion. We observed numer-
ically that the total flux of linear momentum P radz con-
verge exponentially in l, for sufficiently large l. The total
radiated momentum is negative, and thus represents a
slowing-down of the moving point particle. Using a sim-
ilar fitting procedure to sum over multipoles, we find for
this particular configuration,
P rad ∼ −0.088m2p µ . (213)
E. Orbiting particles
The average dipolar flux of energy and angular mo-
mentum, emitted by a particle in circular orbit inside a
Q-ball (Ω = 0.3µ), at an orbital distance rorbµ = 1/3,
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FIG. 12. Average dipolar (l = 1, including m = ±1) rate of energy (left), and angular momentum (right) radiated by a particle
describing a circular orbit around a Q-ball with Ω = 0.3µ, at radius rorbµ = 1/3 and with orbital frequency ωorb. The peaks
are associated with the excitation of QNM frequencies ωQNM for ωorb = Re (ωQNM) ± Ω – each QNM frequency is excited by
two different ωorb spaced by 2Ω. The excitation of the QNM frequencies with Re(ωQNM) = {0.806, 1.04 (in Tab. II), 1.298}µ is
clearly seen from these plots. However, not all the QNM frequencies can be efficiently excited: Re(ωQNM)/µ = 2.30 (in Tab. II)
is an example.
FIG. 13. Average rate of energy radiated by a particle de-
scribing a circular orbit around a Q-ball with Ω = 0.3µ, at
a radius rorbµ = 1/3 and with orbital frequency ωorb for dif-
ferent values of l = m. At low frequencies the radiation is
mostly dipolar. At large orbital frequencies the radiation is
synchrotron-like and peaked at large l = m. In the high-
frequency regime, there is a critical multipole m beyond which
the energy radiated decreases exponentially (see main text for
further details). There are QNM peaks for all multipoles, but
they are visible only for the dipolar and quadrupolar.
are shown in Figs. 12. The pointlike source is assumed
to be orbiting due to some external force, and its orbital
frequency is varied, scanning possible resonant behavior
of the Q-ball. As expected, and verified numerically, the
quantity E˙rad is an even function of ωorb, whereas L˙
rad
z
is an odd one. A few features are apparent in the re-
sults above (obtained evaluating Eqs. (209)-(210)). The
fluxes have clear peaks, which correspond to the reso-
nant excitation of the QNMs of the Q-ball. It’s worth
to note that for each QNM frequency listed in Tab. II
there are two peaks associated with different orbital fre-
quencies separated by a distance 2Ω: the resonances now
occur at ωorb = Ω ± ωQNM. This is directly due to the
decomposition in Eq. (179).
In flat space, a scalar charge on a circular orbit also
emits radiation [93, 94]. For small orbital frequencies
and massless fields, the flux is dipolar and of order E˙ ∼
q2r2orbω
4
orb/(12pi) [93, 94] (given the interaction (177), the
scalar charge q = mp). This explains the rise of the dipo-
lar flux when the orbital frequency increases. However, at
large frequencies, the radiation becomes of synchrotron
type, and the radiation is emitted preferentially in higher
multipoles [95, 96]. This is apparent in Fig. 13 where we
show the contribution of higher multipoles to the flux.
Note that all other multipoles also have resonant peaks,
but these are less pronounced than the dipolar. At large
Lorentz factors γ, there is a critical m mode after which
the fluxes becomes exponentially suppressed. The crit-
ical multipole is of order mcrit ∝ γ2 [95, 96]. Thus an
evaluation of a large number of multipoles is necessary
to have an accurate estimate of fluxes at large veloci-
ties. Our results are consistent with such a prediction.
We find that as ωorb increases, the flux peaks at higher
and higher m, but there’s always a threshold m beyond
which the radiation output is exponentially suppressed.
Finally, since this process is not axially symmetric, one
cannot use expression (21) to compute the flux of linear
momentum along z. Nevertheless, it is straightforward to
show that the average rate of linear momentum radiated
P˙ radz vanishes.
One interesting aspect, not seen in the study of NBSs,
concerns monopolar emission and emission from particles
at rest. Both features are usually absent. It follows from
Eq. (209), that for Q-ball configurations with Ω ≤ µ/2
there is no emission of l = 0, and the first mode con-
tributing to the radiation is l = 1. For these objects
there is no radiation emitted if the particle is at rest,
with ωorb = 0. However, for Q-balls with Ω/µ > 1/2
there is indeed emission of l = 0 modes, contributing
more than (or, at least as much as) the l = 1 modes to
the radiation (see Fig. 14). Interestingly, for these Q-
balls there is also radiation emitted even when the parti-
cle is at rest (see Fig. 15). This type of behavior is due to
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FIG. 14. Average rate of energy radiated by a particle de-
scribing a circular orbit around a Q-ball with Ω = 0.7µ, at
radius rorbµ = 1/3 and with orbital frequency ωorb. For such
a scalar configuration there is radiation emitted also in the
monopole mode, and it dominates the emission, as seen in
the inset.
FIG. 15. Average rate of energy radiated in the case of a
particle standing at a fixed radius rorbµ = 1/3 as function of
Ω/µ. It is shown the dominant contributions from the modes
l = 0 and l = 1. The average rate of angular momentum
radiated in this case vanishes.
the coupling (177) between two dynamical entities: the
external perturber (through Tp) and the Q-ball config-
uration (through Φ). The different coupling considered
for NBSs, led to the absence of these features.
V. CONCLUSIONS AND OUTLOOK
This work shows how self-gravitating NBSs and Q-balls
respond to time-varying, localized matter fluctuations.
These are structures that behave classically: they are
composed of N ∼ 10100 (10−22eV/µ)2 particles; a bi-
nary of two supermassive BHs in the late stages of coa-
lescence emits more than 1060 particles. Our results show
unique features of bosonic ultralight structures. For ex-
ample, they are not easily depleted by binaries. Even
a supermassive BH binary close to coalescence would
need a Hubble time or more to completely deplete the
scalar in a sphere of ten-wavelength radius around the
binary. In other words, the perturbative framework is
consistent and robust. We have shown how a consis-
tent, self-gravitating NBS background leads to regular,
finite dynamical friction acting on passing bodies, con-
trasting with previous calculations using infinite non self-
gravitating distributions [9].
Clearly, our results can and should be extended to ec-
centric motion, or to self-gravitating vectorial configura-
tions or even other nonlinearly interacting scalars [17].
Our results should also be a useful benchmark for nu-
merical relativity simulations involving boson stars in the
extreme mass ratio regime, when and if the field is able to
accommodate such challenging setups. We have consid-
ered Newtonian boson stars. Extension of our results to
relativistic boson stars is nontrivial, but would provide a
full knowledge of the spectrum of boson stars and of their
response to eternal agents. Although we studied NBSs
only, our methods can be extended to clouds arising from
superradiant instabilities of spinning BHs [3]. We don’t
expect qualitatively new aspects when the spatial extent
of those clouds is large.
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Appendix A: First post-Newtonian order expansion
of the Einstein-Klein-Gordon system
Here we show that the Einstein-Klein-Gordon system
reduces to the Schro¨dinger-Poisson system in the New-
tonian limit. Then, we obtain the equations describing
a perturbation to the Newtonian fields up to first post-
Newtonian corrections. Finally, we consider perturba-
tions caused by a point-like particle. In this section we
follow the treatment in Chapter 8.2 of Ref. [97].
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The Einstein-Klein-Gordon system is the set of field
equations for Φ and gµν , which is obtained through the
variation of the action (3) with respect to Φ∗ and gµν ,
and reads
1√−g ∂µ
(√−ggµν∂νΦ) = µ2Φ ,
Rµν = 8piT˜
S
µν , (A1)
where the Einstein equations are written in an alternative
form using the trace-reversed stress-energy tensor of the
scalar field
T˜Sµν ≡ TSµν −
1
2
TSgµν = ∂(µΦ
∗∂ν)Φ +
1
2
gµνµ
2|Φ|2 .
In the last equations we used U ∼ µ2|Φ|2/2, since we
want to consider a (Newtonian) weak scalar field |Φ|  1.
More precisely, in our perturbation scheme we consider
that Φ ∼ O(), with  1. Moreover, in the Newtonian
limit, we consider the spacetime metric ansatz
gtt = −1− 2U +O(4) ,
gtj = O(3) , gjk = O(2) , (A2)
with j, k = {x, y, z} and where U(t, x, y, z) ∼ O(2). This
gives the Ricci tensor components
Rtt = ∇2U +O(4) ,
Rtj = O(3) , Rjk = O(2) , (A3)
where we are considering that
∂tU ∼ O(3) , ∂2tU ∼ O(4) . (A4)
The non-relativistic limit of the scalar field Φ is incorpo-
rated in our perturbation scheme by considering that 22
∂jΦ ∼ O(2) , ∂tΦ˜ ∼ O(3) , (A5)
where we introduced an auxiliary scalar field Φ˜ such that
Φ =
1√
µ
e−iµtΦ˜ . (A6)
Then, the components of the trace-reversed stress-energy
tensor of the scalar field are
T˜Stt =
1
2
µ|Φ˜|2 +O(4) ,
T˜Stj = O(3) , T˜Sjk = O(2) . (A7)
Therefore, at Newtonian order, the Einstein equations
reduce to the Poisson equation
∇2U = 4piµ|Φ˜|2 . (A8)
22 This can be shown rigorously by doing an expansion in powers of
(1/c). It corresponds to the assertion that, in the non-relativistic
limit, the energy-momentum relation is E ∼ µ+ 1
2µ
p2+µU , with
p2  µ2 and |U |  1.
On the other hand, it is easy to show that, at leading
order O(3), the Klein-Gordon equation reduces to the
Schro¨dinger equation
i∂tΦ˜ = − 1
2µ
∇2Φ˜ + µU Φ˜ . (A9)
So, we have showed that, in the Newtonian limit, the
Einstein-Klein-Gordon system for Φ and gµν reduces to
the Schro¨dinger-Poisson system for Φ˜ and U .
Let us now extend our perturbation scheme to first
post-Newtonian order. We start by considering the
spacetime metric ansatz
gtt = −1− 2U − 2δU − 2
(
ψ + U2
)
+O(6) ,
gtj = −4Uj +O(5) ,
gjk = (1− 2U) δjk +O(4) , (A10)
with the post-Newtonian terms Uj(t, x, y, z) ∼ O(3),
ψ(t, x, y, z) ∼ O(4) and the perturbation δU(t, x, y, z) ∼
O(ξ), where O(6) < O(ξ) < O(2). This results in the
Ricci tensor components
Rtt =∇2U +∇2δU + 3∂2tU + 4U∇2U +∇2ψ +O(6) ,
Rtj =2∇2Uj +O(5) ,
Rjk =∇2Uδjk +O(4) , (A11)
where we imposed the harmonic coordinate condition,
which results in
∂tU + ∂jU
j = 0 . (A12)
Now, we introduce a perturbation δΦ to the Newtonian
scalar field, such that
δΦ =
1√
µ
e−iµtδΦ˜ , (A13)
treated in our perturbation scheme with
δΦ ∼ O(ξ/) , ∂jδΦ ∼ O(ξ) , ∂tδΦ˜ ∼ O(ξ ) . (A14)
Then, the components of the trace-reversed stress-energy
tensor of the scalar field are
T˜Stt =
1
2
µ|Φ˜|2 + Im
(
Φ˜ ∂tΦ˜
∗
)
− µU |Φ˜|2 + µRe
(
Φ˜∗δΦ˜
)
+O(6) ,
T˜Stj = Im
(
Φ˜ ∂jΦ˜
∗
)
+O(5) ,
T˜Sjk =
1
2
µ|Φ˜|2 +O(4) . (A15)
Thus, it is possible to show that, at first post-Newtonian
order, the Einstein equations reduce to
∇2ψ = 8pi
[
Im
(
Φ˜ ∂tΦ˜
∗
)
− 3µU |Φ˜|2
]
,
∇2Uj = 4pi Im
(
Φ˜ ∂jΦ˜
∗
)
,
∇2δU = 8piµRe
(
Φ˜∗δΦ˜
)
, (A16)
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where we used the equations that are satisfied at Newto-
nian order and we assumed ∂2tU = 0, since this happens
to be always the case in this work. On the other hand,
until order O(5), the Klein-Gordon equation reduces to
i∂tδΦ˜ = − 1
2µ
∇2δΦ˜ + µUδΦ˜ + µΦ˜ δU + 1
2µ
∂2t Φ˜
+iU∂tΦ˜ + µψΦ˜− 1
µ
U∇2Φ˜− 4i U j∂jΦ˜ . (A17)
Finally, note that, in the case O(4) < O(ξ) < O(2), the
last equation becomes simply
i∂tδΦ˜ = − 1
2µ
∇2δΦ˜ + µUδΦ˜ + µΦ˜ δU . (A18)
In the case of a perturbation caused by a point-like par-
ticle, one just needs to include the trace-reversed stress
energy tensor of the point-like particle, Eq. (12), in the
Einstein equation (A1). This is given by
T˜ pµν ≡ T pµν −
1
2
T pgµν
=
mp
2u0
(2uµuν + gµν)
δ(r − rp)
r2
δ(θ − θp)
sin θ
δ(ϕ− ϕp) ,
with the particle’s 4-velocity uµ ≡ dxµ/dτ . We consider
that mp ∼ O(ξ) and that the particle is non-relativistic,
so that ui ∼ O() in our perturbation scheme. Then, the
components of the trace-reversed stress-energy tensor of
the particle are
T˜ ptt =
mp
2
δ(r − rp)
r2
δ(θ − θp)
sin θ
δ(ϕ− ϕp) +O(4) ,
T˜ ptj = O(3) , T˜ pjk = O(4) . (A19)
Thus, we conclude that we just need to add an extra term
to the last equation in (A16), which becomes
∇2δU = 4pi
[
2µRe
(
Φ˜∗δΦ˜
)
+ P
]
, (A20)
with
P (t, r, θ, ϕ) ≡ mp δ(r − rp)
r2
δ(θ − θp)
sin θ
δ(ϕ− ϕp) .
Let us now consider the case of a non-relativistic point-
like particle sourcing ultra-relativistic scalar perturba-
tions to the Newtonian background. In our perturbation
scheme, we consider 23
δΦ ∼ O(ξ3) , ∂jδΦ ∼ O(ξ2) , ∂tδΦ ∼ O(ξ2) .
with O(4) < O(ξ) < O(2). So, at Newtonian order,
the perturbation in the scalar field does not enter in the
Einstein equations, since we have
T˜Stt = O
(
4
)
, T˜Stj = O(3) , T˜Sjk = O(2) .
23 Note that, in the ultra-relativistic limit, the energy-momentum
relation becomes E ∼ p, with E  µ.
In the case of a non-relativistic point-like particle, at
Newtonian order, the Einstein equations describing the
perturbation reduce to the Poisson equation 24
∇2δU = 4piP . (A21)
Finally, at leading order, the Klein-Gordon reduces to
−∂2t δΦ +∇2δΦ = 2µ2Φ δU . (A22)
Appendix B: The constancy of the fundamental
matrix determinant
Consider a first-order matrix ordinary differential
equation
dX(r)
dr
− V (r)X(r) = 0 , (B1)
with X a N -dimensional vector and V a N ×N matrix.
A fundamental matrix of this system is a matrix of the
form F (r) ≡ (X(1), ...,X(N)), where {X(1), ...,X(N)}
is a set of N independent solutions of Eq. (B1). The
determinant of this N ×N matrix can be written as
detF (r) = i1 ... iNX1(i1) ... X
N
(iN )
,
where  is the Levi-Civita symbol, and Xj(k) is the j-th
component of the vector X(k). Using Eq. (B1) it is easy
to see that
d
dr
detF =
N∑
k=1
i1 ... iNV kj X
1
(i1)
... Xj(ik) ... X
N
(iN )
. (B2)
Using the relation
i1 ... iN X1(i1) ... X
j
(ik)
... XN(iN ) = δ
j
k detF , (B3)
one gets
d
dr
detF = Tr(V ) detF . (B4)
If the trace Tr(V ) ≡ V kk is identically zero (which is
always the case in this work), the determinant of the
fundamental matrix is constant.
Appendix C: Incoming flux of energy at the center
of an NBS
Here, we compute the incoming flux of energy over a
tiny spherical surface at the center of a fundamental NBS.
Consider a stationary NBS of the form
Φ = Ψ(r)e−i(µ−γ)t , (C1)
24 The assumption of a non-relativistic perturber sourcing an ultra-
relativistic scalar perturbation is consistent as long as the scalar
is sufficiently light.
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where Ψ is a solution of system (39). This stationary
field can be written as a sum of incoming and outgoing
parts Φ = Φin + Φout where
Φin ≡ e−i(µ−γ)t
∫ 0
−∞
dsΨ(s)eisr ,
Φout ≡ e−i(µ−γ)t
∫ +∞
0
dsΨ(s)eisr , (C2)
with
Ψ(s) =
1
2pi
∫ +∞
−∞
drΨ(r)e−isr , (C3)
and where we are using an even extension of Ψ to negative
values of r. Note that Ψ is a real-valued function, since
Ψ is real-valued. Now, the incoming flux of energy over
a tiny spherical surface of radius r+  R is given by
E˙in ' 4pir2+T intr (r = 0) . (C4)
At leading order, one has
T intr (r = 0) ' µ Im (Φin∂rΦ∗in)
= −µ
2
∫ 0
−∞
ds′
∫ 0
−∞
ds (s′ + s) Ψ(s′)Ψ(s) .
Numerical evaluation of the last expression for a funda-
mental NBS gives
T intr (r = 0) ∼ 2.69× 10−4 µ7M5NBS . (C5)
Finally, the incoming flux of energy is
E˙in ∼ 3.38× 10−3 r2+µ7M5NBS . (C6)
Appendix D: Introducing a dissipative boundary
This section looks at two toy models, aimed at un-
derstanding the evolution of an NBS with a small BH
at its center. The main effect that the BH produces is,
naturally, dissipation at the horizon. This dissipative
boundary condition can also be mimicked with some toy
models.
1. A string absorptive at one end
Here, we wish to study a one-dimensional model of
absorption of a scalar structure when the boundary con-
ditions suddenly change. Consider then a string, initially
fixed at x = 0, L, described by the wave equation
∂2xΦ− ∂2t Φ = 0 . (D1)
A normal mode satisfying Φ(x = 0) = Φ(x = L) = 0 is
Φ = e−iωnt sinωnx , (D2)
ωn =
(n+ 1)pi
L
, n = 0, 1, 2... . (D3)
We take a configuration with ωn = ω0 and use this as
initial data for a problem where the boundary condition
at the origin becomes absorptive. In particular, Laplace-
transform the wave equation to find,
d2Ψ
dx2
+ ω2Ψ = −Φ˙(0, x) + iωΦ(0, x) , (D4)
Ψ(ω, x) =
∫
dteiωtΦ(t, x) . (D5)
As boundary conditions, require that
Ψ(ω,L) = 0 , Ψ(x ∼ 0) = sinωx− e−iωx . (D6)
These conditions maintain the mirror-like boundary at
one extreme x = L, while providing an absorption of
energy at x = 0. The flux of absorbed energy scales like
2  1. The solution of Eq. (D4) subjected to the above
boundary conditions is
Ψ = i
cos2 ωx sinpix/L+ sin2 ωx sinpix/L
ω − pi/L
+ 
pi sinω(L− x)
ω(pi − Lω)(i cosωL+ (− i) sinωL) . (D7)
The original time-domain field is given by the inverse
Φ(t, x) =
1
2pi
∫
dωe−iωtΨ(ω, x) . (D8)
The integral can be done with the help of the residue
theorem. We separate the response Φ = Φ1 + Φ2. The
first term in Eq. (D7) has a simple, real pole at ω = ω0 =
pi/L, and it evaluates to
Φ1(t, x) = sin(pix/L)e
−ipit/L , (D9)
i.e., it corresponds to the initial data.
The second term has poles at complex values of the
frequency, which are also the QNMs of the dissipative
system,
ω ≈ npi + − i
2
L
, (D10)
These poles lie close to the normal modes of the sys-
tem, including those not present in the initial data. They
dictate an exponential decay ∼ e−2t, and a consequent
lifetime τ ∼ −2. Note that this simple exercise shows
that all modes are excited when new boundary conditions
are turned on. For NBSs, all the modes cluster around
ω ∼ µ, thus we expect to always be in the low-frequency
regime used to estimate the lifetime.
2. A black hole in a scalar-filled sphere
A toy model more similar to the problem we wish to
study is that of a BH, of mass MBH, at the center of a
sphere of radius R which was filled with a massive scalar
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FIG. 16. The evolution of a massive scalar field inside a perfectly reflecting spherical surface of radius Rµ = 20. In the center
of such a sphere, there sits a BH of mass MBHµ = 0.2 (upper panels) and MBHµ = 0.1 (lower panels). Left: Scalar field
measured on the horizon. Center: Scalar field measured at rµ = 10. Right: Flux measured at the horizon.
field. The profile for the scalar is, initially, that of a
normal mode (the Klein-Gordon field Φ = Ψ/r),
Ψ = sinω0r , (D11)
with ω0 =
√
µ2 + pi2/R2. The problem simplifies enor-
mously when the scalar is non self-gravitating and is a
small disturbance in the background of the BH space-
time. This we assume from now onwards. In such a case
all one has to do is evolve the Klein-Gordon equation in
a Schwarzschild geometry, subjected to Dirichlet condi-
tions at the surface of the sphere. The results are sum-
marized in Fig. 16. While they do not mimic entirely the
process of accretion of a self-gravitating NBS by a central
BH, these results illustrate some of the possible physics
in the more realistic setup.
The figures show the scalar extracted at the hori-
zon (left panel), at a midpoint inside the sphere (mid-
dle panel) and the flux per frequency bin (right panel).
The scalar, measured either at the horizon or somewhere
within the sphere, decays exponentially. The first note-
worthy aspect is the sensitive dependence of the decay
rate on the size of the BH. Our results are consistent
with a decay timescale τ ∼ (MBHµ)−β , with β ∼ 4−5, in
agreement with our analysis in Section III E and also with
a quasinormal mode ringdown of such fields [3]. Note that
such suppressed decay for small Mµ couplings happens
due to the filtering properties of small BHs, keeping out
most of the low-frequency field. This also explains why
the ratio between the field measured at r = 10 and at the
horizon increases when the BH size decreases. Note also
that, in accordance with the simple toy model above,
overtones are also excited. This is clearly seen in the
Fourier analysis (rightmost panels in Figure 16), show-
ing local peaks at all the subsequent overtones, which
were absent in the initial data. These correspond to fre-
quencies ω =
√
µ2 + pi2n2/R2 , n = 0, 1, .... This is one
important difference between this system and NBSs, for
which overtones are all bounded in frequency.
Appendix E: Gravitational drag by a uniform scalar
field
In this section we present the toy model considered in
Ref. [9] to compute the gravitational drag acting on a
point-like particle travelling through an infinite homoge-
neous scalar field with a constant non-relativistic veloc-
ity v  1. Then, we use (what we believe to be) a more
realistic toy model to compute the energy and momen-
tum lost by the infalling body through the plunge into a
uniform sphere of scalar field.
Neglecting the self-gravity of the scalar field, the equa-
tions describing this process are
i∂tΦ˜ = − 1
2µ
∇2Φ˜ + µU Φ˜ ,
∇2U = 4pimp δ(x)δ(y)δ(z + vt) , (E1)
where mp is the particle’s mass. Now, we change to the
frame where the particle is stationary at the origin and
the scalar field propagates with momentum k = µvez;
so, the gravitational potential is simply U = −mpr . We
consider that the scalar has a uniform particle density
ρ0 in the far past – before the interaction. This is the
classical Coulomb scattering problem, and it is known to
have the analytic solution
Φ˜ =
√
ρ0 e
pi
2 β |Γ(1− iβ)| e−i
(
k2
2µ t−kz
)
M [iβ, 1, ik(r − z)] ,
(E2)
where M is the confluent hypergeometric function of the
first kind, r is the radial distance from the particle, and
the parameter β is
β ≡ mpµ
v
. (E3)
The Klein-Gordon scalar field Φ can be obtained from
the Schro¨dinger field Φ˜ through
Φ =
1√
µ
e−iµtΦ˜ , µ |∂tΦ˜| . (E4)
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As expected this solution gives 25
TStt(r →∞) = µρ0 . (E5)
A scalar field in a sphere of radius R centred at the
particle exerts a gravitational drag Fz on it,
Fz = −P˙Sz − P˙ radz , (E6)
using a similar reasoning to the one behind Eq. (29).
Here, P˙Sz and P˙
rad
z are, respectively, the rate of change
of the momentum in the scalar inside the sphere, and
the (outgoing) flux of momentum through a surface of
radius R; these are calculated through
P˙Sz = −
∫
r<R
d3r ∂tT
S
tz , (E7)
P˙ radz = R
2
∫
r=R
dθdϕ sin θ TSrz . (E8)
We take the radius R to be the maximum characteristic
length of the problem; to compare with the treatment
in Section III F we take it to be the boson star radius.
The introduction of this maximum length is necessary
and serves as cutoff to the integration, since the Coulomb
scattering is known to have an infrared divergence caused
by the 1/r nature of the gravitational potential. 26 Using
the divergence theorem, we can rewrite the drag force as
Fz = −
∫
r<R
d3r
(
∂tTStz + ∂
iTSiz
)
. (E9)
Since we are considering a stationary regime in (E2), it
is easy to check that ∂tTStz vanishes. Now, using (6)
while keeping only the leading order (Newtonian and
non-relativistic) terms,
TSiz =
1
µ
Re
(
∂iΦ˜
∗∂zΦ˜
)
− 1
2
giz
(
1
µ
∂jΦ˜∗∂jΦ˜ + iΦ˜∗∂tΦ˜ + 2µU |Φ˜|2
)
. (E10)
Using Eq (E1) it is straightforward to show
∂iTSiz = −µ (∂zU) |Φ˜|2 , (E11)
which implies that
Fz = µ
∫
r<R
d3r (∂zU) |Φ˜|2 . (E12)
This result is symmetrical to the gravitational force
that the particle exerts on the scalar and coincides with
Ref. [9]. In the same reference, Hui et. al. found that
25 We are using the non-relativistic limit k2  µ2.
26 In other words, the gravitational drag is known to diverge in the
limit R→∞.
in the limit β  1 the last integral can be put in the
form 27
Fz =
4pim2p ρ0µ
v2
C(v,Rµ) , (E13)
C ≡ Cin(2vRµ) + sin(2vRµ)
2vRµ
− 1 ,
where Cin(x) =
∫ x
0
(1−cosx′)dx′/x′ is the cosine integral.
For small velocities v  1/(Rµ), the gravitational drag
is
Fz ' 4pi
3
m2p ρ0µ
3R2 . (E14)
This amounts to a loss of momentum by the particle P lost
of the order
P lost ' Fz 2R
v
' 2
v
m2pµ
2M , (E15)
where 2R/v is the crossing time and M is the mass of the
scalar contained in the sphere of radius R. Surprisingly,
this expression has the same dependence on the physical
quantities than the obtained for a more realistic scenario
in Section III F; however, this result is a factor of ten
larger than the one of that section.
Alternatively, one can consider a toy model closer to
the treatment done in Section III F; this consists in lin-
earizing the SP system with respect to an homogeneous
sphere of radius R made of scalar field with (particle)
density ρ0 and constant gravitational potential U0 < 0.
28
We consider that there is no scalar field and the gravita-
tional potential vanishes outside the sphere. The scalar
particles in this medium have energy Ω = µ+ µU0, with
−µ µU0 < 0. This can be readily verified by plugging
the ansatz Φ˜0 = e
iγt√ρ0/µ in the Schro¨dinger equation,
which inside the sphere reads
i∂tΦ˜0 = − 1
2µ
∇2Φ˜0 + µU0Φ˜0 . (E16)
That gives γ = −µU0. Then, since the KG scalar field is
obtained from the Schro¨dinger one through (E4), one gets
that, inside the sphere of radius R, the background scalar
field is Φ0 = e
−iΩt√ρ0/µ, with the energy Ω = µ+ µU0
satisfying −µ µU0 < 0.
Now, we want to obtain the fluctuations caused by
a point-like perturber travelling through the medium at
constant (non-relativistic) velocity v  1 along the −ez
27 In Ref. [9] the authors also obtained expressions out of the
regime β  1.
28 In fact, the assumption of a non-trivial uniform density sphere
of scalar field is inconsistent with an homogeneous gravitational
potential, due to the Poisson equation. Here, we assume that the
Poisson equation only applies to the fluctuations of this medium.
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direction. These fluctuations are described by the lin-
earized SP system
i∂tδΦ˜ = − 1
2µ
∇2δΦ˜ + µU0δΦ˜ + µΦ˜0δU , (E17)
∇2δU = 4piP , (E18)
with
U0 = U0Θ(R−r) , Φ˜0 =
√
ρ0
µ
Θ(R−r)e−iµU0t , (E19)
and where the source is given by
P = mp
δ(ϕ)
r2 sin θ
× [δ(r + vt)δ(θ)Θ(−t) + δ(r − vt)δ(θ − pi)Θ(t)] .
Note that the fluctuations δΦ˜ in the Schro¨dinger field are
related with the fluctuation in the KG field through δΦ =
e−iµtδΦ˜. For simplicity, we are neglecting the self-gravity
of the scalar field in the right-hand side of (E18). This is
a good approximation in the region close to the particle,
where the Coulombian potential is dominant. Using the
axially symmetric decompositions
P =
∞∑
l=0
∫
dω√
2pir
e−iωtY 0l (θ)p(r) , (E20)
δU =
∞∑
l=0
∫
dω√
2pir
e−iωtY 0l (θ)u(r) , (E21)
where
p =
√
2
pi
mp
Y 0l (0)
rv
δ0m
×
[
cos
(ω
v
r
)
δevenl − i sin
(ω
v
r
)
δoddl
]
, (E22)
the Poisson equation becomes
∂2ru−
l(l + 1)
r2
u = 4pip . (E23)
This admits the homogeneous solutions
uI = r−l , uII = rl+1 ,
which are regular, respectively, at infinity and at the ori-
gin. Using the method of variation of parameters, one
gets the inhomogeneous solution
u = − 4pi
2l + 1
(
r−l
∫ r
0
dr′r′l+1p+ rl+1
∫ ∞
r
dr′
p
r′l
)
,
This results in the analytical expression
u = −i 2
√
2pi
2l + 1
mp
ω
Y 0l (0)δ
0
m
(
i
r
v
ω
)l+1
×
{(
i
ω
v
r
)−2l−1 [
Γ
(
l + 1, i
ω
v
r
)
− Γ
(
l + 1,−iω
v
r
)]
− Γ
(
−l, iω
v
r
)
− Γ
(
−l,−iω
v
r
)}
, (E24)
where Γ(a, x) is the incomplete gamma function. Now,
decomposing the scalar fluctuation as
δΦ˜ =
∞∑
l=0
∫
dω√
2pir
e−i(ω+µU0)t Y 0l (θ)Z(r) , (E25)
equation (E17) becomes
∂2rZ +
[
2µ
(
ω + µU0Θ(r −R)
)− l(l + 1)
r2
]
Z =
= 2µ
√
ρ0 Θ(R− r)u . (E26)
Outside the sphere o radius R, the solution satisfying
the Sommerfeld radiation condition at infinity is simply
given by
Z(r) = A
√
r H
(1)
l+ 12
(√
2µ
(
ω + µU0
)
r
)
, (E27)
where A is a complex-constant to be determined through
the matching with the interior solution. Using equa-
tion (E24) it is possible to see that the highest frequencies
that the perturber excites (efficiently) are ω ∼ v/(2R).
This has the important consequence that for velocities
v  2Rµ|U0| the emission is strongly suppressed, be-
cause the perturber cannot excite (efficiently) waves that
travel to infinity. Additionally, in the limit of small ve-
locities v  1/(Rµ), we have
Z(r ∼ R) ' − iA
pi
2l+
1
2 Γ
(
l + 12
)
[
2µ
(
ω + µU0
)] l
2+
1
4
r−l , (E28)
where we used the small argument expansion of H
(1)
l+ 12
.
Inside the sphere of radius R, equation (E26) has the
independent homogeneous solutions
ZI =
√
r H
(1)
l+ 12
(
√
2µω r) ' − i
pi
2l+
1
2 Γ
(
l + 12
)
(2µω)
l
2+
1
4
r−l ,
ZII =
√
r Jl+ 12 (
√
2µω r) ' (2µω)
l
2+
1
4
2l+
1
2 Γ
(
l + 32
)rl+1 . (E29)
The solution ZII is regular at the origin, and the solution
ZI is (approximately) proportional to r−l everywhere in-
side the sphere, making it appropriate to match with the
exterior solution at r = R. Using the method of variation
of parameters, one obtains that the radial function Z at
r = R is
Z(R) = −ipiµ√ρ0 ZI(R)
∫ R
0
dr′ZII u(r′) . (E30)
Then, the constant A can be determined through match-
ing between the interior and exterior solutions,
A = −ipiµ√ρ0
(
1 +
µU0
ω
) l
2+
1
4
∫ R
0
dr′ZII u(r′) . (E31)
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Using the large argument expansion of H
(1)
l+ 12
one gets the
radial function Z at infinity,
Z∞ ≡ Z(r →∞) =
= −2
1
4 (−i)l−1√
pi
A
√
Re
i
√
2µ(ω+µU0) r
(vRµ)
1
4α
1
4
(
1 + U0Rµvα
) 1
4
, (E32)
with the dimensionless parameter
α ≡ ωR
v
. (E33)
Evaluating the integral in (E31) we obtain the analytical
expression 29
Z∞ = ipiδ0m(Rµ)
4mp
√
ρ0
µ2
e
i
√
2µ(ω+µU0) r
× (−1)
lY 0l (0)(vRµ)
l
2−1
2
l
2− 12 (2l + 1)Γ
(
l + 32
)
(
1 + U0Rµvα
) l
2
α
l
2+3
×
{
2l + 1
2l + 3
[Γ (l + 3, iα)− Γ (l + 3,−iα)]
+ 2
(iα)2l+3
2l + 3
[Γ (−l, iα) + Γ (−l,−iα)]
+ α2 [Γ (l + 1, iα)− Γ (l + 1,−iα)]
}
. (E34)
The energy radiated with frequency between ω and ω+dω
is
dErad
dω
=
√
2
R
(vRµ)
1
2
[
µ+
αv
R
(
1 +
U0Rµ
vα
)]
× α 12 Re
[(
1 +
U0Rµ
vα
) 1
2
] ∞∑
l=0
|Z∞|2
'
√
2µ
R
(vRµ)
1
2
× α 12 Re
[(
1 +
U0Rµ
vα
) 1
2
] ∞∑
l=0
|Z∞|2 , (E35)
where in the last equality we used that the scalar fluc-
tuations are non-relativistic. This results in the total
radiated energy
Erad =
√
2
R3
(vRµ)
3
2
×
∞∑
l=0
∫ ∞
|U0|Rµ
v
dαα
1
2 Re
[(
1 +
U0Rµ
vα
) 1
2
]
|Z∞|2 . (E36)
29 We have also solved this problem numerically (without any ap-
proximation). This analytical expression describes perfectly the
exact results for the first multipoles (essentially l ≤ 3); these
account for most of the radiation.
The energy lost by the perturber in this process is
Elost =
√
2
R5µ2
(vRµ)
5
2
×
∞∑
l=0
∫ ∞
|U0|Rµ
v
dαα
3
2 Re
[(
1 +
U0Rµ
vα
) 3
2
]
|Z∞|2 . (E37)
In the case of a vanishing gravitational potential U0 = 0,
we see that for small velocities the radiated energy goes
with ∼ v− 12 and the energy lost by the perturber with v 12 ;
note that Z∞ ∼ v l2−1. In the case of a non-trivial gravita-
tional potential, the radiated energy is highly suppressed
for small velocities; this is because smaller velocities ex-
cite lower frequencies – these may not be capable of es-
caping the gravitational influence of the scalar configu-
ration.
The spectral flux of linear momentum radiated along z
is given by
dP radz
dω
=
4
R2
(vRµ)αΘ
(
1 +
U0Rµ
vα
)(
1 +
U0Rµ
vα
)
×
∞∑
l=0
(l + 1) Re
(
Zl∞
(
Zl+1∞
)∗)√
(2l + 1) (2l + 3)
. (E38)
So, the total linear momentum radiated during this pro-
cess is
P radz =
4
R4µ
(vRµ)
2
∞∑
l=0
l + 1√
(2l + 1)(2l + 3)
×
∫ ∞
|U0|Rµ
v
dαα
(
1 +
U0Rµ
vα
)
Re
(
Zl∞
(
Zl+1∞
)∗)
.
(E39)
The loss in momentum for a small perturber mpµ v is
simply
P lostz =
Elost
v
. (E40)
In the case of a vanishing gravitational potential, for
small velocities the radiated momentum goes with v
1
2
and perturber’s loss in momentum with ∼ v− 12 . Again,
with a non-trivial gravitational potential both quantities
are suppressed in the limit of small velocities.
Our toy model shows that: (i) the gravitational poten-
tial of a scalar configuration tends to suppress both the
radiation and the loss in momentum for plunging per-
turbers, specially in the small velocity limit; 30 (ii) when
30 Actually, although we do not present it in this work, we solved
the full problem – including the self-gravity of the scalar – in
a way similar to Section III F but with constant velocity. We
found qualitative agreement with the toy model considered here;
however, including the self-gravity of the scalar y to a larger
suppression of radiation and loss of momentum.
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neglecting the gravity of the scalar, the loss in momentum
for a perturber plunging in a uniform sphere of scalar field
at a constant small velocity follows P lost ∼ v− 12 . This be-
havior is different than the one found in Ref. [9]; in that
reference besides neglecting the gravity of the scalar, the
authors study a stationary regime in an infinite scalar
field medium (introducing a cut-off length R a posteri-
ori).
For a full realistic plunge into an NBS – including the
self-gravity of the scalar and the accelerated free fall of
the perturber – see Section III F.
Appendix F: Exciting a spherical box
Here we study the scalar field inside a spherical box
of radius R, which is sourced by a particle in circular
orbital motion. Our approach to study the resonances
follows the treatment of forced oscillations in Ref. [98].
Consider a U(1)-invariant scalar field theory described
by the action
S ≡ 1
2
∫
d4x
√−η ∂µΦ∂µΦ∗ , (F1)
on a Minkowski background. Moreover, let us consider
that this scalar field is sourced by a point particle through
the action (177). Let us first start with the sourced equa-
tion of motion
∇µ∂µΦ = Tp , (F2)
which is obtained through the variation of the total ac-
tion, and where Tp is the trace of the particle’s stress-
energy tensor. Assuming the particle motion to be in
the equatorial plane, with rorb and ωorb, the orbital ra-
dius and angular frequency, respectively, the trace of the
particle’s stress-energy tensor is given by Eq. (204). Con-
sider then the decompositions
Φ =
∑
l,m
∫
dω√
2pi
e−iωt
φ(r;ω, l,m)
r
Y ml (θ, ϕ) ,
Tp =
∑
l,m
∫
dω√
2pi
e−iωt
Tml (r;ω)
r2
Y ml (θ, ϕ) .
Thus, one can use the method of variation of parameters
to obtain the general inhomogeneous solution of Eq. (F2)
φ = φh − φI
∫ r
0
dr′
(
φIITml
r′W
)
− φII
∫ R
r
dr′
(
φITml
r′W
)
,
with 0 ≤ r ≤ R, where φh is the general homogeneous
solution
φh = AIφ
I +AIIφ
II ,
with
φI =
√
r
[
Jl+ 12 (ωr)−
Jl+ 12 (ωR)
Yl+ 12 (ωR)
Yl+ 12 (ωr)
]
,
φII =
√
rJl+ 12 (ωr) .
The Wronskian of φI and φII is W =
2Jl+ 12 (ωR)/
(
piYl+ 12 (ωR)
)
.
Now, we want to impose regularity at the origin φ(0) =
0, and Dirichlet conditions at the surface of the box
φ(R) = 0. Notice that the homogeneous solutions φII
satisfy these boundary conditions for discrete values of
ω = ωn (with n ∈ Z\{0}), such that Jl+ 12 (ωnR) = 0; the
frequencies ωn are the normal modes of a scalar field in
a spherical box. The wronskian above vanishes for these
modes. We use the notation ω−n = −ωn.
For ω 6= ωn, the boundary conditions imply that φh =
0. Thus,
φ = Aml (ω)φ
IIδ(ω − ωn)
− φI
∫ r
0
dr′
(
φIITml
r′W
)
− φII
∫ R
r
dr′
(
φITml
r′W
)
,
with arbitrary complex coefficients Aml (ωn) = A
m
l,n. In
particular, at the origin,
φ(r → 0) ∼
(ω
2
)l+ 12 rl+1
Γ
(
l + 32
)
×
[
Aml (ω)δ(ω − ωn)−
∫ R
0
dr′
(
φITml
r′W
)]
.
The total field at the origin is then
Φ(r → 0) ∼
∑
l,m
Y ml (θ, ϕ)r
l
Γ
(
l + 32
)
2l+
1
2
∑
n 6=0
(ωn)
l+ 12√
2pi
Aml,ne
−iωnt+
mp(mωorb)
l+ 12
√
1− (rorbωorb)2Y ml
(pi
2
, 0
) φIe−imωorbt
r0W (mωorb)
]
,
with φI = φI(rorb;mωorb). For simplicity, take for now
Aml,n = 0 (i.e. we neglect the free normal mode part of
the solution). Moreover, notice that in this theory the
energy density of the scalar field is
Ttt =
1
2
(
|∂tΦ|2 + |∂rΦ|2 + 1
r2
|∂θΦ|2 + 1
r2 sin2 θ
|∂ϕΦ|2
)
.
Thus, at the origin, the energy density is
Ttt(0) ∼ ω
3
orb
16pi3
(
mpφ
I(rorb;ωorb)
rorbW (ωorb)
)2 [
1− (rorbωorb)2
]
.
Since the Wronskian W vanishes for ωorb = ωn′ , the en-
ergy density Ttt(r → 0) diverges for these frequencies.
Thus, resonances are produced for particles with orbital
frequencies ωorb = ωn′ .
It is interesting to pose the question of how Ttt(r → 0)
increases with time when the system is in resonance with
ωorb = ωn′ . To answer this, let us choose
Aml,n = −
√
2pimp
√
1− (rorbωorb)2(1− δm0 )δsign(m)n
′
n
× Y ml
(pi
2
, 0
) φI(rorb;mωorb)
rorbW (mωorb)
(
mωorb
ωn
)l+ 12
.
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With this choice, the total field at the origin is
Φ ∼
∑
l,m6=0
Y ml (θ, ϕ)r
l
Γ
(
l + 32
)
2l+
1
2
mp(mωorb)
l+ 12Y ml
(pi
2
, 0
)
×
√
1− (rorbωorb)2 φ
I
rorb
[
e−imωorbt − e−isign(m)ωn′ t
W (mωorb)
]
,
again with φI = φI(rorb;mωorb). So, in this case, the
energy density at the origin is
Ttt(r → 0) ∼
∣∣∣∣e−iωorbt − e−iωn′ tW (ωorb)
∣∣∣∣2
× ω
3
orb
16pi3
(
mpφ
I
rorb
)2 [
1− (rorbωorb)2
]
.
Notice that, with this choice of coefficients Aml,n, the
energy density Ttt(r → 0) is well-defined in the limit
ωorb → ωn′ , and is equal to
lim
ωorb→ωn′
Ttt(r → 0) ∼ t
2
[W ′(ωn′)]
2 ×
ω3n′
16pi3
(
mpφ
I(rorb;ωn′)
rorb
)2 [
1− (rorbωn′)2
]
,
where W ′(ω) is the Wronskian derivative with respect to
the frequency. Thus, one concludes that in a resonance
the energy density at the origin increases quadratically
with time.
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